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Résumé

Cette these porte sur analyse asymptotique d’'un modele variationnel pour les films ferromagné-
tiques minces. On étudie I’énergie micromagnétique, définie pour des applications d’un ouvert de R3
a valeurs dans la spheére S?, appelées aimantations, en prenant en compte 'effet antisymétrique di
a 'interaction de Dzyaloshinskii-Moriya.

Dans le premier chapitre de la these, on étudie la Gamma-convergence de I’énergie micromag-
nétique dans un régime de film mince qui favorise I’émergence de vortex au bord de taille ¢ > 0,
via une pénalisation au bord obtenue dans la Gamma-limite de 1’énergie. Cette limite est en
fait définie pour des aimantations invariantes dans 1’épaisseur du film et a valeurs dans le cercle
unité S', ce qui signifie que le modele général en trois dimensions se réduit & un modele en deux di-
mensions. On cherche ensuite les minimiseurs locaux de I’énergie Gamma-limite dans le demi-plan
supérieur. Pour cela, on étudie d’abord ses points critiques, qui satisfont un probléme de Neumann
non linéaire similaire au probleme de Peierls-Nabarro. On en déduit, sous certaines conditions,
I'unicité des minimiseurs locaux de I’énergie au sens de De Giorgi. Ceux-ci correspondent a des
applications qui tendent & présenter un vortex de taille € > 0 sur le bord du domaine.

Dans le second chapitre de la these, on considére un autre régime de film mince favorisant les
singularités vortex au bord. Grosso modo, ce régime consiste dans 'analyse du modeéle précédent
lorsque € — 0. On montre que I’étude du modele général en trois dimensions se rameéne ici aussi
a ’étude d’un modele intermédiaire en deux dimensions, mais dans lequel figurent a la fois une
pénalisation intérieure (les applications ne sont plus & valeurs dans S') et une pénalisation au bord
du domaine. D’abord, on étudie ce modele intermédiaire en deux dimensions. Grace a la notion
de Jacobien global, on obtient des résultats de compacité et un développement asymptotique au
second ordre par Gamma-convergence de ’énergie micromagnétique. Le terme d’ordre un montre
que les singularités vortex sont localisées au bord du domaine, tandis que le terme d’ordre deux
est une énergie renormalisée, semblable & celle rencontrée dans le modeéle de Ginzburg-Landau,
qui permet d’estimer le coiit d’interaction entre les vortex au bord. On calcule explicitement
cette énergie renormalisée, influencée par l'interaction de Dzyaloshinskii-Moriya, et on étudie la
structure des minimiseurs. Enfin, grace a ces résultats, nous déduisons la Gamma-convergence a
I’ordre deux dans le modeéle en trois dimensions.

Mots-clés : Micromagnétisme, Gamma-convergence, compacité, vortex au bord, Jacobien,
énergie renormalisée, interaction de Dzyaloshinskii-Moriya, théorie de Ginzburg-Landau.






Abstract

This thesis deals with the asymptotic analysis of a variational model for thin ferromagnetic films.
We study the micromagnetic energy for three-dimensional maps with values into the unit sphere S?,
called magnetizations, by taking into account the antisymmetric effect of the Dzyaloshinskii-Moriya
interaction.

In the first chapter, we study the Gamma-convergence of the micromagnetic energy in a thin-
film regime that favors boundary vortices of size ¢ > 0, via a boundary penalization in the Gamma-
limit energy. This limit is in fact defined for magnetizations that are invariant in the thickness of
the film and take values into the unit circle S'. It means that the general three-dimensional model
reduces to a two-dimensional model. We then focus on local minimizers in the upper-half plane
of the Gamma-limit energy. To do so, we begin with studying its critical points, that satisfy a
nonlinear Neumann boundary value problem, similar to the Peierls-Nabarro problem. We deduce,
under certain conditions, the uniqueness of the local minimizers of the energy in the sense of De
Giorgi. These minimizers correspond to maps having a vortex of size € > 0 on the boundary of
the domain.

In the second chapter, we consider another thin-film regime for boundary vortices. Roughly
speaking, this regime corresponds to the limit € — 0 in the previous model. The study of the three-
dimensional general model reduces here to an intermediate two-dimensional model for R2-valued
maps (not S'-valued maps), that combines an interior penalization and a boundary penalization
on the domain. First, we study this two-dimensional intermediate model. Using the notion of
global Jacobian, we prove compactness results and an asymptotic expansion at the second order
by Gamma-convergence for the micromagnetic energy. The first order term indicates that the sin-
gularities are located on the boundary of the domain, while the second order term is a renormalized
energy, similar to the Ginzburg-Landau model, that measures the interactions between the bound-
ary vortices. We compute explicitely this renormalized energy, that depends on the Dzyaloshinskii-
Moriya interaction, and study the structure of its minimizers. Finally, thanks to these results, we
deduce the Gamma-convergence at the second order for the general three-dimensional model.

Keywords: Micromagnetics, Gamma-convergence, compactness, boundary vortices, Jacobian,
renormalized energy, Dzyaloshinskii-Moriya interaction, Ginzburg-Landau theory.
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Introduction

La modélisation des matériaux ferromagnétiques, utilisés par exemple pour le stockage
d’information numérique, est basée sur la théorie du micromagnétisme. Ce modele suppose qu’'un
matériau ferromagnétique peut étre caractérisé par un champ de vecteurs en trois dimensions,
appelé aimantation, & valeurs dans la sphére unité S?, et dont les états d’équilibres stables corre-
spondent aux minimiseurs locaux d’une énergie appelée énergie micromagnétique (voir [20]). Le
probleme variationnel associé est non convexe, non local et multi-échelle. En particulier, les rela-
tions entre les parametres de taille du matériau ferromagnétique (aussi bien les parameétres intrin-
séques du matériau que les parametres géométriques) permettent de considérer plusieurs régimes
asymptotiques différents. Selon le régime asymptotique, I'un ou l'autre des termes composant
I’énergie micromagnétique peut étre prépondérant sur les autres. Cela conduit a la formation de
singularités magnétiques pour ’aimantation, comme des parois de Néel ou de Bloch entre plusieurs
domaines, des vortex a l'intérieur ou au bord d’un domaine, etc. Dans cette thése, on s’intéresse
a des régimes asymptotiques conduisant a la formation de vortex de bord en prenant en compte
Ieffet antisymétrique de l'interaction de Dzyaloshinskii-Moriya.

0.1 Le modele général en trois dimensions
On considére un matériau ferromagnétique de forme cylindrique
Qf = 0f x (0,t) C R?,

oit 2 C R? est un ouvert borné régulier de diametre ¢ (par exemple, Qf peut étre assimilé & un
disque ouvert de diameétre ¢). L’aimantation m est le champ de vecteurs

m: Qf — S

ot S? désigne la sphére unité de R3. En particulier, la contrainte [m| = 1 impose la non-convexité
du probleme. L’énergie micromagnétique est classiquement définie par

Eclass(m) :AQ/ |Vm\2dx—|—/ |Vu|2dx—|—Q/ ®(m) dx—2/ Heyxt - m da.
Qf RS Qf Qf

Examinons les quatre termes apparaissant dans 'expression de E¢jass-
class

— Le premier terme est ’énergie d’échange, générée par les interactions a faible distance dans
le matériau. Cette énergie favorise l'alignement des spins voisins dans le matériau. Le
parametre A > 0 est intrinseque au matériau ferromagnétique, généralement de 'ordre du
nanometre. Ce parametre est appelé longueur d’échange.

— Le deuxiéme terme est appelé énergie magnétostatique ou énergie démagnétisante. Cette
énergie est générée par les interactions de longue distance dans le matériau. Elle est en fait



due au champ magnétique induit par 'aimantation. Plus précisément, le potentiel démag-
nétisant u € H!(R3 R) satisfait

Au = div(mlge) au sens des distributions dans R3,

ou Le(z) =1siwe QY et Lge(x) = 0 sinon.

— Le troisieme terme est 1’énergie d’anisotropie, qui prend en compte les effets d’anisotropie
résultant de la structure cristalline du matériau. Elle fait intervenir le facteur de qualité Q > 0
(qui est un deuxiéme parameétre intrinséque du matériau) et la fonction ®: S> — R, qui
présente des propriétés de symétrie.

— Le quatrieme et dernier terme est I’énergie de Zeeman : elle est générée par un champ
magnétique extérieur, le champ de vecteurs

Hop: R? 5 R3

qui favorise l'alignement de ’aimantation dans la méme direction que ce champ magnétique
extérieur.

Dans cette these, on considere un terme supplémentaire : I'interaction de Dzyaloshinskii-Moriya.
Cette interaction a été introduite dans les années 50 (voir [17]) pour décrire 'aimantation dans
des matériaux présentant de faibles propriétés de symétrie. On suppose dans cette these que la
densité d’interaction de Dzyaloshinskii-Moriya en trois dimensions est définie par

3
D:Vm/\m:ZDj-ajm/\m, (1)
j=1

ot D = (Dy, Do, D3) € R3*3 . est le produit scalaire dans R3, et A est le produit vectoriel dans R3.
On consideére finalement ’énergie micromagnétique E(m) définie par

E(m):Az/ \Vm|2dx+/ D:Vm/\mdx—i—/ |Vu|2da:
Qr o RS

(2)
+Q ®(m) dx—2/ Hey - m dz.
Qt Qf

t

Pour des détails supplémentaires sur les termes composant ’énergie micromagnétique, notamment
a propos des interprétations physiques, on renvoie a [1], [16], [20] ou [17].

Le caractére multi-échelle de I’énergie micromagnétique (2) est simple a remarquer. En effet,
en plus du tenseur D et du facteur de qualité @, trois parameétres de longueur liés au matériau
ferromagnétique interviennent : la longueur d’échange A, le diameétre planaire ¢ et ’épaisseur ¢ du
matériau. A partir de ces trois paramétres, on peut se réduire & deux paramétres sans dimension :

h = % et = %
Lorsqu’on fait tendre h vers zéro, I’épaisseur relative du matériau ferromagnétique tend vers zéro :
on parle de film mince a la limite. On peut en fait parler de film mince des que ’épaisseur ¢ du
matériau est beaucoup plus petite que le diametre planaire £, et c’est justement le sens donné a « ¢
beaucoup plus petite que £ » qui donne accés a une large variété de régimes asymptotiques. Plus
précisément, les différentes relations possibles entre h et 1 dans I'asymptotique h — 0 peuvent
avoir des effets divers sur 'aimantation et ’énergie micromagnétique.



0.2 Un régime de film mince

0.2.1 Adimensionnement en longueur

Afin d’étudier I’énergie micromagnétique dans un film mince, il est pertinent de faire un adimen-
sionnement en longueur. En particulier, on réduit les trois parametres de longueurs A, £ et ¢, &
seulement deux parametres sans dimension h et 7, définis ci-dessus. On pose

_ %

QO =Qx (0,h) C R3,

ou ) = %Qe C R? est un ouvert borné régulier de diametre 1 (par exemple, 2 peut étre assimilé
au disque unité de R?). Pour tout = (21,z2,23) € Qf, on pose T = 3z € Q et D= +D.
On considere les applications mp: Qp — S?, up: R3 — R et Hexe n: R3 — R3 telles que, pour
tout T = % € Qp,

~ 5 1
m(#) = m(@). (@) = pulx),
avec
Auy, = div(mylg,) au sens des distributions dans R, (3)
et

cht,h(:/f) - cht (ZL’)

L’énergie micromagnétique (2) peut se réécrire a l’aide de my, :

E(mh) =/ [772/Q |Vmy|?dz + D: Vmy Amy, dT + /R3 |V |*dz
h

Qp
+Q (I)(mh) dz — 2/ Hext,h My, df] .
Qp Qp

Pour alléger les notations, on écrira x au lieu de Z dans la suite.

0.2.2 Approche heuristique d’un régime de film mince

Le modele de film mince est caractérisé par I’hypotheése h = ¢/¢ — 0, c’est-a-dire que les variations
de ’'aimantation par rapport a la composante verticale x3 sont fortement pénalisées. On suppose,
pour un moment, que my ne dépend pas de x3, c’est-a-dire

mp (21, 2, 23) = mp (1, T2): 0 —S? (5)

et que
my, varie & des échelles de longueurs >> h. (6)

On suppose de plus que le champ magnétique extérieur Hy p, est planaire, invariant par rapport
a r3 et indépendant de h, c’est-a-dire

Heye n (w1, 2, x3) = (Hiy p(21,22),0). (7)
L’équation de Maxwell (3) implique
Auh = div(mh]lgh) = div(mh)]lgh — (mh . I/)]].{)Qh = div/(m;l)]lgh — (mh . I/)]lagh

au sens des distributions dans R?, ott my, = (mp1,mp2), div/(mﬁl) = 01mp,1 + Oamy, 2 et v désigne
le vecteur normal unitaire sortant sur 9€0,. En d’autres termes, uy, est solution du probleme

Aup, = div'(m}b) dans Q,,
Aup, = 0 dans R?\ Qp,,
[aa%f] = mp-v sur 0y,



ol [a] = a* — a~ est le saut de a par rapport au vecteur normal unitaire sortant v sur 9.
D’aprés [21, Section 2.1.2] (voir aussi [16]), en supposant que u;, € H!(R3), on peut exprimer
I’énergie démagnétisante en considérant la transformée de Fourier selon les variables planaires :

I (m) 1|2
[ vl ar = [ ETEREOE 0 e g

B2 €'

b [ 1P 1)) (€ ¢

ol F désigne la transformée de Fourier dans R?, c’est-a-dire pour tous f: R? — C et ¢ € R?,
FNE) =€) = | faem < da,
R

et ou )
1— 6727rh\§ |

9h(|§l|) = W (8)

A la limite quand k — 0, on a g, (|¢']) — 1 et 1—gp, (|€|) = 0. On peut ainsi faire 'approximation

’. 1 |2
/( |Vuh|2dz ~ h2/ ml€ }—(Tg' 2) ()] d¢’ + h/ m,2173 da’.
R3 R2 Q

Une approche plus précise (voir [16], [32]) est la suivante :

. 2
/R3 |Vun|? do ~ h? ||d1v’(mﬁl)contHHA/Q(RQ)
Loy / 2 1 2 ’ (9)
+ —h*|log h| (my, - V") dH" +h | mj 5 da’,
2 a0 Q

ott div'(m})eont = div'(m},)1q et v/ est le vecteur normal unitaire sortant sur 9Q. L’énergie
démagnétisante se décompose ainsi asymptotiquement en trois termes dans I'approximation de film
mince. Le premier terme pénalise les charges volumiques avec une semi-norme homogeéne H~1/2 et
favorise les parois de Néel. Le deuxiéme terme prend en compte les charges latérales du matériau
cylindrique et favorise les vortex au bord. Le troisieme terme pénalise les charges surfaciques au
niveau des faces inférieure et supérieure du cylindre, et favorise les vortex intérieurs. Pour plus
de détails sur les différents types de singularités qui peuvent apparaitre dans les régimes de films
minces, on renvoie a [16] ou [21]. En combinant (9) avec les hypotheses (5), (6) et (7), on obtient
I’approximation suivante par un modele réduit bidimensionnel de ’énergie dans un régime de film
mince :

E‘(mh) ~ 03 {th/ |V/my, |2da’ + h/ D' V'my Amy, do’
Q Q
h? | .. 2
+ b} ||d1vl(m;b)00"t||H*1/2(R2)
1
+ —h?log h\/ (m), - v/ )2dH*
27'(' o0

+h/ (m,%)?) + Q®(my) — 2Héxt7h . m%) dz'|,
Q

avec D' = (ﬁl, ﬁz) et D' : V'my, Amy, = Z§=1 ﬁj - 0jmp, A\ my,.



0.2.3 Un panorama de régimes de films minces

L’expression (10) a pour intérét de mettre en évidence la diversité des régimes de films minces. Par
régime de film mince, on entend une relation asymptotique entre h et 1 lorsque h — 0. La plupart
des résultats que nous citons dans cette partie ont été obtenus en ’absence d’anisotropie, de champ
magnétique extérieur et d’interaction de Dzyaloshinskii-Moriya dans 1’énergie micromagnétique.

Un premier régime de film mince qu’il est naturel de considérer est celui ou 7 reste constant.
Ce régime a été étudié (en I'absence d’anisotropie, de champ magnétique extérieur et d’interaction
de Dzyaloshinskii-Moriya) par Gioia et James, qui ont prouvé que dans ce cas, I’énergie micromag-
nétique est minimisée par toute aimantation m constante et telle que ms = 0.

On peut ensuite considérer les films minces pour lesquels n < 1 : ce sont des matériaux
ferromagnétiques « larges » dans le sens ou le diametre planaire ¢ est grand devant la longueur
d’échange A du matériau.

Le cas ot n? > h|log h| (c’est-a-dire h|+;h| — +00) a été étudié par Kohn-Slastikov [32], a la

suite de travaux antérieurs diis & Carbou [11]. Quitte & diviser E(mh) par £3h? |log h| dans (10), en
I’absence d’anisotropie, de champ magnétique extérieur et d’interaction de Dzyaloshinskii-Moriya,
on observe qu’a la limite quand h — 0, seul le terme de pénalisation au bord % /. ao(m' v/ )2dH!
persiste. L’aimantation limite est donc une aimantation planaire et constante dont la direction
est donnée par le vecteur /. Dans [32], Kohn et Slastikov ont prouvé ce résultat par Gamma-
convergence dans le régime 72 > h|log h|.

2
Ils s’intéressent également, dans le méme article, au régime m — « > 0. La différence

avec le régime précédent, visible dans (10), est que le terme d’échange dans I’énergie micromag-
nétique n’est plus négligeable a la limite, et est en compétition avec le terme de pénalisation au
bord di a I’énergie démagnétisante. Autrement dit, a la limite, I’énergie micromagnétique de-
vient o [o, \V'm|2 da’ + 5= Joq(m'-v)? dH'. L’aimantation limite dans ce régime n’est plus néces-
sairement constante, mais reste planaire. Dans le premier chapitre de cette these, on s’intéresse
a ce régime de film mince, en tenant compte des termes d’anisotropie, de champ magnétique ex-
térieur et d’interaction de Dzyaloshinskii-Moriya dans ’expression de ’énergie micromagnétique.
On prouve un résultat de compacité et de Gamma-convergence analogue a celui de Kohn-Slastikov.

Apres avoir divisé I’énergie limite ci-dessus par «, le cas ot a@ — 0 a été étudié par Kurzke [33].
Pour des raisons topologiques, il n’existe pas de champ de vecteurs m’: Q — R? vérifiant & la
fois |m/| = 1 et m’ - v/ = 0 sur 99, ot Q est un ouvert simplement connexe de R?. Le terme de
pénalisation au bord ne pouvant donc pas étre rendu nul, I'aimantation limite développe des vortex
au bord, c’est-a-dire des points ot aimantation est nulle. Kurzke [33] a prouvé qu’au voisinage
de ces vortex, un saut de phase de 7 se produit pour ’aimantation limite.

Récemment, Ignat et Kurzke [24], [25] ont unifié le double passage & la limite obtenu par com-
binaison des régimes de Kohn-Slastikov et Kurzke, en considérant le régime h < n? < h[logh|.
Ils ont obtenu un développement asymptotique de I’énergie micromagnétique au second ordre par
Gamma-convergence, dans lequel le terme d’ordre 1 est lié au nombre de vortex au bord et le
terme d’ordre 2 permet de mesurer 'interaction entre les vortex. Dans le second chapitre de cette
these, on étudie I’énergie micromagnétique dans le régime considéré par Ignat et Kurzke en tenant
compte de 'interaction de Dzyaloshinskii-Moriya. On obtient également un développement asymp-
totique au second ordre par Gamma-convergence, la nouveauté étant 'influence de l'interaction de
Dzyaloshinskii-Moriya dans le terme d’ordre 2, qui montre que cette interaction joue un role dans
la répartition des vortex au bord du domaine.

De nombreux autres régimes de films minces ont été étudiés. Dans le régime n? = O(h),
Moser [38], [39] a mis en évidence l’émergence de vortex de bord. Dans les régimes pour
lesquels n? < h, étudiés par Ignat-Otto [30] ou Ignat-Kniipfer [23], d’autres types de singular-
ités topologiques apparaissent, comme des vortex intérieurs au domaine ou des parois de Néel.
Enfin, dans le régime 7? < uTZhw DeSimone, Kohn, Moser et Otto [15] ont montré que I’énergie



d’échange disparait a la limite, alors que le terme ||div’(m},)cont | provenant de 1’énergie

?'{71/2(]132)
démagnétisante persiste. Les singularités apparaissant dans ce modele sont des parois de Néel et
des lignes de Bloch.

Dans cette these, on considere des régimes de films minces qui favorisent les singularités vortex
au bord, tout en prenant en compte 'interaction de Dzyaloshinskii-Moriya. Les hypotheses que
nous faisons sont basées sur le régime étudié par Kohn-Slastikov [32] pour le premier chapitre, et
sur le régime étudié par Ignat-Kurzke [24], [25] pour le second chapitre. La nouveauté dans notre
étude est que 'on prend en compte l'interaction de Dzyaloshinskii-Moriya. On peut mentionner les
récents travaux de Davoli, Di Fratta, Praetorius et Ruggeri [14] pour déterminer une limite de film
mince de I’énergie micromagnétique prenant en compte l'interaction de Dzyaloshinskii-Moriya, qui
sont similaires & ce qui est étudié dans cette thése. Récemment, Alama, Bronsard et Golovaty [3]
ont étudié un nouveau type de vortex au bord, appelés boojums, qui apparaissent dans un modele
de film mince pour des cristaux liquides nématiques. Ce type de vortex au bord cotite moins
d’énergie que ceux étudiés dans cette these, si bien que les vortex au bord « classiques » rencontrés
ici sont absents dans leur modele. Pour les singularités de type parois de Néel, on renvoie a
Ignat [22], Ignat-Moser [28], [29], Ignat-Otto [30], [31] et Melcher [36], [37].

0.3 Notations

On utilise la méme notation - pour le produit scalaire & la fois dans R? et dans R2. On utilise la
méme notation A pour le produit vectoriel dans R3, ¢’est-a-dire

a b1 azbs — azby
as A b2 = (lgbl - a1b3 s
as b3 arby — azby

et pour le déterminant dans R?, c’est-a-dire

(a1> A (bl) = a1b2 - agbl.
a9 b2

Lorsque cela est judicieux, on utilise I'identification R? ~ C. On note Re(-) et Im(-) les parties
réelle et imaginaire d’'un nombre complexe.
Remarquons que, pour a = (a1,a2) = a; + iag et b = (by,ba) = by + ibs, on a a A b = Im(ab),
ou @ = (a1, —az2) = a1 — ias.
On note L

RZ =R x (0,+00), et R2 =Rx[0,+00).

Pour r > 0, on note B, le disque
B, = B(0,r) = {(z1,22) ER*: 2% + 23 <r},
et B, le demi-disque supérieur
Bf = {(z1,22) € R:: af + 23 <r}.

Etant donné un ensemble E, on utilise la notation 1 pour la fonction caractéristique de E,
cest-a~dire : 1g(z) =1six € E, 1g(z) = 0 sinon.

Etant donnée une quantité en trois dimensions ¢ = (q1,92,¢q3), on utilise la notation prime
pour désigner la composante planaire de g, c’est-a-dire ¢’ = (¢1,¢2) et ¢ = (¢/,q3). Lorsque la
situation étudiée est en deux dimensions et qu’aucune confusion n’est possible, par exemple dans
la Section 1.3 et dans la Section 2.2, on 6te les primes de toutes les notations.

/!



Comme déja défini dans (1) pour la densité d’interaction de Dzyaloshinskii-Moriya, on note

3
F:VfNf=) Fi-0;fnf

j=1

pour F' € R¥3 et f: R® — R3. On note également, pour G € R3*2 et f: R3 — R3,

2
G:V'fAf=) Gi-0;fAf.
j=1

La plupart du temps, les constantes (souvent notées C') peuvent changer d’une ligne a lautre
dans les calculs. On note a < b ou a = o(b) lorsque ¢ — 0, a < b ou a = O(b) s'il existe une
constante C' > 0 telle que a < Cb, et a ~ b lorsque a < b et b < a. Enfin, les formulations « une
famille/suite (my,) ... quand h — 0 » doivent étre comprises comme « une famille/suite (mp,, Jnen ..
avec h, — 0 quand n — 400 ».

0.4 Résultats principaux et structure de la these

Cette these comporte deux chapitres, portant chacun sur I’étude de 1’énergie micromagnétique (4)

dans un régime de film mince. Dans le premier chapitre, on se place dans un régime pour
2
lequel m — «a > 0 (déja considéré par Kohn-Slastikov [32]), tandis que dans le second chapitre,

on considére le régime h < n? < h|logh| et le régime plus restrictif hlog [logh| < n? < h|log h|
(étudiés par Ignat-Kurzke [24], [25]). La principale nouveauté apportée dans cette thése est la
prise en compte de l'interaction de Dzyaloshinskii-Moriya dans I’énergie micromagnétique, dans
des régimes ou cette interaction a une influence lors du passage a la limite quand A — 0.

Dans les deux chapitres de cette these, on établit entre autres un résultat de Gamma-convergence

pour I’énergie micromagnétique. Rappelons la définition de la Gamma-convergence et son principal
intérét.
Definition 0.4.1. Soit (X,7) un espace topologique & base dénombrable de voisinages. On
considére une famille de fonctionnelles dépendant d’un parameétre h > 0, notée &, : X — RU{+o0},
et une fonctionnelle €g: X — R U {4+o00}. On dit alors que (&)n~0 I'-converge vers €y pour la
topologie T lorsque h — 0 si les deux propriétés suivantes sont vérifiées pour tout ug € X :

— Borne inférieure. Pour toute famille (up) convergeant vers ug pour la topologie T,

lim inf Eh(uh) 2 80(’&0).
h—0

— Borne supérieure. 11 existe une famille (u;,) convergeant vers ug pour la topologie T,

}LILI%) Eh(uh) = 8()(U0).

Le principal intérét de la Gamma-convergence est que, combinée avec un résultat de compacité,
elle garantit la convergence des minimiseurs.

Theorem 0.4.2. Soit (X,T) un espace topologique d base dénombrable de wvoisinages.
Soient & X — RU {400}, pour tout h > 0, et Eg: X — RU{+o0}. Supposons que (Ex)pso I'-
converge vers Eq pour la topologie T et que (up) est une famille telle que Ep,(up) = min,ex Ep(u)
pour tout h > 0. S’il existe une sous-suite de (up) convergeant vers un certain uy pour la topolo-
gie T, alors ug est un minimiseur de &g et

}113}) En(ur) = Eolup).

Pour plus de détails sur la Gamma-convergence, on renvoie au livre de Dal Maso [13].



0.4.1 Gamma-convergence de I’énergie micromagnétique dans un régime
de film mince pour des vortex de bord et minimiseurs locaux de
I’énergie limite dans le demi-plan supérieur

Dans ce chapitre, on étudie I’énergie E(my,), donnée dans (4), dans le régime de film mince suivant :

772 Q ﬁlS 1323

h<1 —_— —= = 261, —— — 20
<1 h|10gh| -, h\logh\ _>B7 7]2 — 1 7]2 — 2,

1 (11)

2 3
~ 1 ~
75 D, < 1, 75 D3| < 1,
h [log h j,k:l‘ it h[log h| k:1| 3

avec o, 3 > 0, 81,05 € Ret D = (Bjk)(j,k)€{1,2,3}2 € R3*3. Les parametres n = n(h), Q = Q(h)
et D= ﬁ(h) sont supposés étre des fonctions dépendant de h.

0.4.1.1 Gamma-convergence de I’énergie micromagnétique avec interaction de Dzyaloshinskii-
Moriya dans un régime de film mince pour des vortex de bord

On consideére I’énergie

~

E(mn)
En) = 53 g

pour des applications my,: Q) = Q x (0,h) — S? avec
Auy, = div(mylg,) au sens des distributions dans R3.

Pour tout h > 0, on définit les applications my: Q1 = Q x (0,1) — S? et ﬁext,h: R?® — R? telles
que, pour tout (z',x3) € 4,
mp (2, x3) = mp(2’, has),

et

Hext,h<x/7 1‘3) = Hext7h(l‘/; th)

De plus, on suppose que

Hext,h

(h |logh|> converge dans L' () vers fyﬁext,o, (12)

ouvy € R, et ﬁext,oi R? — R3 est indépendant de x5. On pose alors
En(in) = En(my),

et on a plus précisément (voir la Section 1.2.1 pour les détails de calcul) :
2

~ "
B, - T
n(7n) hllogh| Jo,

~ 1 ~
(|V’mh|2 + 72 |83mh|2) dx
1 N 1~ ~ 1 3 ~ ~
+ — D :V'm, Amy doe + ———— D3 - 9smp Amy, do
hllogh| Jq,

h?|logh| Jq,
1 2
—_ \Y d
+h2|10gh\ /RS| ual”da

0 - 2 / ~ N
o v — —= | Hoyn iy dz.
* hlogh] o, (M) dz hllogh| Jg, "ot T S

(13)




Une quantité qui intervient naturellement dans le probléeme est ’aimantation moyennée par rapport
a x3, puisqu’on se situe dans un régime de film mince : 'épaisseur du matériau tend vers zéro et
la composante verticale en x5 est donc pénalisée. On définit ainsi application 7y, : Q — B2 C R3
(avec B? désignant la boule unité de R?) par

1 h
my(2') = E/ mp (2, z3) dzs
0

pour tout 2’ € Q, et on note uy,: R? — R le potentiel démagnétisant associé, défini par
ATy, = div(mplg,) au sens des distributions dans R3.

Le but de la premiere partie du Chapitre 1 est de prouver un résultat de compacité et de Gamma-

convergence pour énergie Ej donnée par (13) dans le régime (11)+(12). Plus précisément, on

montre (voir Théoréme 1.1.3) que (Ej)pso I-converge dans H* (€2, S?) muni de la topologie faible
vers la fonctionnelle

Eo(m) = a [/ \V'ml2de +2 [ §-V'm/ Am’ dx}

Q Q (14)

— [ m-v)?dH ' +8 | ®(m) dz — 27/ Heyi o - m da,
21 Joq o o

ou v désigne le vecteur normal unitaire sortant sur 0€;, qui est définie pour des
applications m € H'(Q;,S?) indépendantes de x3 et telles que m3 = 0, et égale & +oo sinon.
Cette Gamma-limite revient donc & considérer des applications m/:  — S' définies sur une sec-
tion horizontale de 7 et & valeurs dans le cercle unité S'. Le modele tridimensionnel étudié se
ramene ainsi & un modele réduit en deux dimensions. En conséquence de la convergence des min-
imiseurs préservée par Gamma-convergence, on déduit le Corollaire 1.1.5, qui dit que toute suite
de minimiseurs de E}, converge faiblement dans H! vers un minimiseur de Ej.

0.4.1.2 Sur les minimiseurs locaux de la Gamma-limite de I’énergie micromagnétique
dans le demi-plan supérieur

Dans la seconde partie du Chapitre 1, on étudie les minimiseurs locaux de la Gamma-limite donnée
dans (14), en I'absence des termes d’anisotropie et de champ magnétique extérieur, dans le demi-
plan supérieur R2 = R x (0, +00). Pour cela, quitte & diviser par a, on considére I’énergie

1 1
ES(SO; Q) = 5/ (\V(p|2 — 26 - Vgp) dx + % sin? © RETAR
QnRY € Jan(rx{0})

ot § = (81,82), ¢ = 2ma, Q est un ouvert borné de R?, et ¢: @ — R est un relévement
dem’ : Q — S!. Cette fonctionnelle a été étudiée par Kurzke [33] dans le régime ¢ — 0, pour
lequel aimantation associée m’ géneére des vortex au bord du domaine €.

Avant d’étudier les minimiseurs locaux de E? au sens de De Giorgi (voir Définition 1.1.7)
dans Ri, on s’intéresse aux points critiques de Eg . Dans la Proposition 1.3.2; on prouve que si ¢,

est un point critique de E?, alors . € C™ (@), avec @ =R x [0, +00), et la fonction

¢e: (z1,22) € @ — 20 (ex1, ex0) + T,

vérifie le probléeme de Neumann non linéaire (PN)) ci-dessous avec A = 2ed,, & condition que la
fonction (z1,22) — ¢e(x1,x2) — 26022 soit bornée dans R%r. Le probléme en question est donné



par
f e xRy n C'(ED),
(z1,22) = f(21,22) — Az est bornée dans Rf_, (PNy)
Af =0 dans Ri, A
Oaf — A+sin f =0 sur R x {0},

ou A € R est constant. Ce probléme est une version modifiée du probleme de Peierls-Nabarro,
étudié par Amick et Toland ([5], [43]) dans le cas ot A = 0. En se basant sur leurs travaux,
on montre dans le Théoréme 1.1.8 que les solutions de (PN,) peuvent étre de trois types. La
fonction (x1,x2) — ¢ (1, T2) — 2e02x9 est soit constante égale a un multiple de 7, soit périodique
par rapport & la premiere variable, soit non périodique. Dans ce dernier cas ou la fonction ci-
dessus est non périodique, un changement d’échelle dans les variables z; et o permet de voir que
la fonction présente une singularité au bord du domaine lorsque € — 0, ce qui correspond a un
vortex au bord pour 'aimantation. Ce sont donc ces fonctions non périodiques que 'on s’attend a
voir intervenir dans le calcul des minimiseurs de E°.

On prouve dans le Théoréme 1.1.9 que les seuls minimiseurs locaux de E° dans Ri au sens de
De Giorgi vérifiant les conditions

lim ¢-(21,0) =0, ILIEOO ¢e(21,0) = 7 et [(x1,22) = (1, 22) — Saxa] € L=(RY)

1 —+o0 1
sont les fonctions
xr1 + €a

— o7
: (z1,22) € RZ — — — arctan
pe: (21, 72) T D) (x2+5

> + 52$2

ou a € R est une constante. Ces fonctions sont obtenues a partir des solutions non périodiques
de (PN,) ; les solutions constantes et périodiques étant éliminées par les conditions imposées ci-
dessus. Le résultat d’unicité dans le Théoréme 1.1.9 est prouvé en utilisant un résultat local di a
Cabré et Sola-Morales [10].

0.4.2 Gamma-convergence de I’énergie micromagnétique dans un régime
de film mince pour des vortex de bord et énergie renormalisée
entre les vortex de bord

Dans ce chapitre, on étudie ’énergie E(mh) donnée dans (4), en supposant que l'anisotropie ® et

le champ magnétique extérieur Hexe p, sont nuls, dans un régime de film mince différent de celui

étudié dans le Chapitre 1. Plus précisément, on considére ici le régime

~ ~

1 D D
h<l, n<l, @<<s<<1, n—f’—mal, n—f—méz,
15
R A (15)
= > Dl <1, > [Dal <1,
n Gk=1 Ut

ot 81,0, €R, D = (Djr) yeqr oz € RO, ef

7]2

7 hlogh|

Les paramétres 1) = n(h), € = £(h) et D = D(h) sont supposés étre des fonctions dépendant de h.
Comme a < b < 1 implique a [loga| < b|logb| < 1, on en déduit que, pour a = m etb=g¢, le

10



régime (15) implique

log [log h ) b
O|gl|0g||<<5|logs| <1, % 28, n23 5 96,
1< 1< (16)
2 Z Jk| <1, 7Z|D3k|<< 1.

k= =1

Afin de prouver un développement asymptotique au second ordre par Gamma-convergence, on va
de plus considérer le régime

log |log h D 1 Do 1
logllogh}  _ 1, 20 < e, | - 20| €
|log h| n? Iloge\ n |log €]
L2 s (17)
o Z [Djk| <1, o Z | D << 5|’
j,k=1 k=1

qui est plus restrictif que le régime (16). On suppose que © C R? est un ouvert borné, simplement
connexe et de classe O, On considére I’énergie

E(mh) B E(mh)
) = G oge] ~ B2 log hl < flog ]

pour des applications my: Qp, = Q x (0,h) — S? avec
Auyp, = div(mplg,) au sens des distributions dans R3,

en supposant que 'anisotropie ® et le champ magnétique extérieur Hex p, sont nuls. Plus précisé-
ment, ’énergie &,(my,) est donnée par

1

En(mn) = \1oga|

1 1 1
< / \th| d:lc—i—h2 D th/\mhdx+h2/ |Vuh|2dx>'
L’énergie &, a été étudiée par Ignat et Kurzke [25] lorsque l'interaction de Dzyaloshinskii-Moriya
est supposée négligeable, c’est-a-dire D = 0. Etant donné que leurs résultats vont étre utiles pour
notre étude, on notera &) la fonctionnelle d’énergie &, lorsque D= 0, c’est-a-dire

1 1 1
E,?(mh) |10ge’:“ ( / |th‘ de + — i 3 /]R3 |Vuh|2dx> . (18)

2
En comparaison avec le Chapitre 1, dans lequel on suppose que € = m — a > 0, on considere

ici le cas ou € — 0. Les résultats obtenus dans ce chapitre sont basés sur ceux de Ignat et
Kurzke [24], [25], qui ont étudié 1'énergie &£ donnée par (18).
0.4.2.1 Un modeéle réduit en deux dimensions pour des applications m’: Q C R2 — R?

Dans la premiére partie de ce chapitre, on considére un modele bidimensionnel (voir [24]) pour des
applications m’: Q C R? — R2. Plus précisément, étant donné un vecteur § € R?, on consideére la
fonctionnelle d’énergie

E,( /\V’m|dx+2/5 V'm' Am' dz

1
+ 7/ —|m’ |2 de+ — [ (m'-V)2dH!,
2me Ele)

11



ou V' = (01,02) et V' est le vecteur normal unitaire sortant sur dQ2. On peut remarquer que 'on
retrouve partiellement 1’énergie étudiée dans la deuxiéme partie du Chapitre 1 avec une pénalisa-
tion au bord, qui favorise les vortex au bord pour 'aimantation. Ici, une pénalisation intérieure
s’ajoute, provenant de m32, similaire & celle rencontrée dans le modele de Ginzburg-Landau. Ce
modele réduit combinant a la fois une pénalisation intérieure (comme dans le modele classique de
Ginzburg-Landau [7]) et une pénalisation au bord (comme dans le Chapitre 1, ou dans Kurzke [32]),
les singularités topologiques peuvent a priori apparaitre a l'intérieur ou au bord du domaine bidi-
mensionnel. Pour détecter ces singularités topologiques, on utilise le Jacobien global introduit par
Ignat et Kurzke, qui est un opérateur linéaire défini pour des applications de H'(Q,R?). Dans
le régime étudié dans ce chapitre, qui favorise I’émergence de vortex de bord, le Jacobien global
limite sera une mesure supportée sur le bord 92 du domaine qui dépend & la fois du nombre de
vortex au bord et de la courbure du bord 9f2. Pour des détails sur la notion de Jacobien global,
on renvoie a la Section 2.1.2 de cette theése, ou a [24], [25].
On étudie I'énergie Egm dans le régime asymptotique

n<1, e<1, [loge| < [logn. (19)

On peut noter que le régime de film mince pour le probléme en trois dimensions (15) implique
le régime (19). En effet, le régime (15) est équivalent & h < n? < h|logh| < 1 en utilisant la
définition de £, donc [log h| ~ [logn|. D’aprés (15), ona 1 < [logn| et d’aprés (16), on a [loge| < 1,
et on obtient donc le régime (19).

Dans les Théoremes 2.1.1, 2.1.3 et 2.1.4, on prouve des résultats de compacité pour le Jacobien
global et pour les applications m/’, ainsi qu'un développement asymptotique d’ordre 2 par Gamma-
convergence pour l’énergie Eg,n’ qui montre que les singularités sont localisées sur le bord du
domaine 2. Le terme d’ordre 1 dans le développement asymptotique donne une estimation de
I’énergie limite par rapport au nombre de vortex au bord. Le terme d’ordre 2 dans le développement
asymptotique contient une énergie renormalisée qui représente les interactions entre les vortex au
bord, et permet de déduire leurs positions optimales, c’est-a-dire celles qui minimisent I’énergie
renormalisée.

Dans le Théoreme 2.1.5, le Corollaire 2.1.6 et le Théoréeme 2.1.7, on calcule explicitement cette
énergie renormalisée et on prouve l'existence de minimiseurs présentant deux vortex au bord de
multiplicité 1 pour cette énergie renormalisée. On prouve enfin, dans le Corollaire 2.1.8, que les
minimiseurs de 1’énergie Egm sont ceux de la configuration avec deux vortex au bord de multiplic-
ité 1.

0.4.2.2 Le modéle en trois dimensions pour des applications my: Q, C R? — S?

Dans la seconde partie de ce chapitre, on revient au modele en trois dimensions pour des applica-
tions my,: Qp C R? — S? et on étudie énergie &),. Tout comme dans le Chapitre 1, puisque I'on
considere ici encore un régime de film mince, on est amené & utiliser 'aimantation moyennée par
rapport & w3, My :  — B2 C R? (avec B? désignant la boule unité de R?), qui permet de lever le
caractére non local de I’énergie démagnétisante. Rappelons que

1 h
mh(oj/) = E/ mh(ilfl,l‘g) dzs
0

pour tout 2’ € €, et on note 7y, : R? — R le potentiel démagnétisant associé, défini par

ATy, = div(mylg,) au sens des distributions dans R3.
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On introduit ’énergie réduite en deux dimensions

= 1

1 ~
En(mn) </Q|V'mh|2dm/+772/QD’ - V', AT, da’

~ Jloge]

1 / 9 1 . 2 1
+— 1—|my|?) da’ + — (my, - v')"dH
n* Jo ( ) 2me Joq
avec My, = (M1, Mp2) et v le vecteur normal unitaire sortant sur 9. Pour utiliser les résultats
obtenus par Ignat et Kurzke [25] dans le cas ot D = 0, on considére également 1’énergie

=0, __ 1 __ 2 1 _ 1 __ 2
I3 = ! de’ + — [ (1 —m,)?)da’ + — U AR ). (20
) = o ([ v [ @By ar e o [ e on ). o

Un argument qui nous incite a utiliser ces énergies moyennées est que dans le régime (15), I’énergie
démagnétisante dans (18) est proche des termes de pénalisations intérieure et au bord dans (20)

(voir [25, Lemmes 15 et 16]). Par conséquent, I’énergie moyennée 32 permet de s’affranchir du
caractere non local de ’énergie démagnétisante en remplagant cette énergie par des termes locaux.
Les estimations obtenues par Ignat et Kurzke sont un raffinement d’estimations de Carbou [11] et
Kohn-Slastikov [32] respectivement.

Dans le Théoréme 2.1.10, on compare ’énergie &, avec 1’énergie réduite &, et on obtient des
bornes inférieures pour &, faisant intervenir £,. Afin de pouvoir utiliser les résultats obtenus
dans la Section 2.2, on compare ensuite 1’énergie £, avec I’énergie Eg,,, du modele réduit pour des
applications m’: Q C R? — R2. Grace au Corollaire 2.1.11, on obtient alors des bornes inférieures
pour &, en termes de Egm'

En utilisant la compacité et la Gamma-convergence de Eg,n obtenues dans la Section 2.2, on
en déduit, dans les Théorémes 2.1.12 et 2.1.13, un résultat de compacité et une borne inférieure
pour 'énergie &,. Pour des applications my indépendantes de xg et vérifiant m;, = (m},,0),
grace au Corollaire 2.1.11, on obtient des bornes supérieures qui complétent le développement
asymptotique d’ordre 2 par Gamma-convergence pour & : il s’agit du Théoreme 2.1.14. Enfin, on
prouve le Corollaire 2.1.15 qui établit que les minimiseurs du modele en trois dimensions obéissent
a la méme configuration que ceux du modele réduit en deux dimensions.
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Chapter 1

Gamma-convergence of the micromagnetic energy in a
thin-film regime for boundary vortices and local minimizers
of the thin-film limit in the upper-half plane

Abstract

We consider the three-dimensional micromagnetic model with Dzyaloshinskii-Moriya interaction
in a thin-film regime. We prove the Gamma-convergence of the micromagnetic energy in the
considered regime, for which the Gamma-limit energy is two-dimensional and relevant for boundary
vortices. We then study local minimizers of the Gamma-limit energy and prove a uniqueness result
in a certain setting. This chapter is based on the preprint [35].
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1.1 Introduction

The modeling of small ferromagnetic materials is based on the theory of micromagnetics. The
model states that a ferromagnetic device can be described by a three-dimensional vector field
with values in S2, called magnetization, whose stable states correspond to local minimizers of the
micromagnetic energy (see e.g. [20]). The associated variational problem is non-convex, non-local
and multiscale. In particular, the relation between length parameters — both intrinsic parameters
of the magnetic material and geometric parameters — allows to consider a lot of different asymptotic
regimes. This leads to the formation of magnetic patterns, such as domain walls, vortices, etc. We
are interested in a special regime relevant for boundary vortices.

1.1.1 The general three-dimensional model

We consider a ferromagnetic sample of cylindrical shape
Qf =Qf x (0,t) C R3,

where Qf C R? is a smooth bounded open set of typical length ¢ (for example, Q¢ can be assumed
to be an open disk of diameter ¢). The magnetization m is a unitary three-dimensional vector field

m: Qf — §?%,

where S? is the unit sphere in R?. In particular, the constraint [m| = 1 yields the non-convexity
of the problem. The classical micromagnetic energy is defined as

Elass(m) = A2/ |Vm|? dz —|—/ |Vu|? dz + Q/ ®(m) dr — 2/ Heyi - m dx.
ot R3 ot o)

t

Let us explain briefly the four terms of F,ss- The first term is the exchange energy. It is generated
by small-distance interactions in the sample ; roughly speaking, this energy favors the alignment
of neighboring spins in the sample. The positive parameter A is an intrinsic parameter of the
ferromagnetic material, and is typically of the order of nanometers: we call it the exchange length.
The second term is called magnetostatic or demagnetizing energy. This energy is generated by the
large-distance interactions in the sample. It is in fact the energy generated by the magnetic field
induced by magnetization. More precisely, the demagnetizing potential u € H*(R3, R) satisfies

Au = div(mlge) in the distributional sense in R3, (1.1)

where Loe(z) = 1if z € Qf, and Loe(x) = 0 elsewhere. The third term is the anisotropy energy:
it takes into account the anisotropy effects resulting from the crystalline structure of the sample.
It involves the quality factor @ > 0 (that is a second intrinsic parameter of the sample) and the
function ®: S?> — R, which has some symmetry properties. The fourth and last term is the
external field or Zeeman energy: it is generated by an external magnetic field. The Zeeman energy
involves the vector field

He: R — R?

and favours the alignment of the magnetization in the direction of the external magnetic field.

In this thesis, we consider an additional term: the Dzyaloshinskii-Moriya interaction. This
interaction was introduced in the 1950s [17] to describe the magnetization in some materials with
few symmetry properties. We assume here that the Dzyaloshinskii-Moriya interaction density in
three dimensions is defined as

3
D:Vm/\m:ZDj-ﬁjm/\m, (1.2)

j=1
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where D = (Dq, Doy, D3) € R3%3 . denotes the inner product in R?, and A denotes the cross
product in R3. Hence, we consider the micromagnetic energy E(m) given as

E(m) = AQ/ \Vm|2dx +/ D:VmAm dx—i—/ |Vu|2dac
(o4 0L R3
¢ ¢ (1.3)
+Q ®(m) dfo/ Hey - m dz.
ar af

For more details about the components of the micromagnetic energy, especially physical interpre-
tations, we refer to [1], [20] or [17].

The multiscale aspect of the micromagnetic energy (1.3) is obvious. Indeed, beside the tensor D
and the quality factor @, three length paramaters of the ferromagnetic device interact together:
the exchange length A, the planar diameter ¢ and the thickness ¢t of the sample. From these
parameters, we introduce the dimensionless parameters

h = % and n = %
By letting h tend to zero, the relative thickness of the ferromagnetic device tends to zero: it is
a thin-film limit. The consequences concerning the magnetization and the micromagnetic energy
depend on the relations between h and 7, i.e. on the thin-film asymptotic regime.

1.1.2 A thin-film regime
1.1.2.1 Nondimensionalization in length

In order to study the micromagnetic energy in a thin-film regime, it is convenient to nondimen-
sionalize it in length ; in particular, we get from the three length parameters A, ¢ and ¢ only two
dimensionless parameters h and 7 defined above. We set

QZ
Qh:j:Qx(O,h)CR;g,
where Q) = % C R? is a smooth bounded open set of typical length 1 (for example, Q can be
assumed to be the unit disk in R?). To each z = (x1, x2, 23) € €, we associate T = 7 € Qyp, and we
set D = %D. We also consider the maps my: Q, — S?, up: R® — R and Hexe p: R® — R? such
that, for every ¥ = 7 € Q,

mp(Z) = m(z), up(x)= %u(m%

that satisfy
Auy, = div(mylg,) in the distributional sense in R?, (1.4)

and
Hext,h(/x\) = Hext (37)

The micromagnetic energy (1.3) can then be written in terms of my,:

E(my) = 03 [772/ \Vmp?dZ+ [ D :Vmy Amy, dZ
Qh Qh
+/ |V |*dz (1.5)
R3
+Q <I>(mh) dz — 2/ Hext,h s Mp, d/‘T\:| .
Qp Qp

For simplicity of the notations, we write x instead of Z in the following.
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1.1.2.2 Heuristic approach of a thin-film regime

The thin-film model is characterized by the assumption h = t/¢ — 0, i.e. the variations of the
magnetization m with respect to the vertical component z3 are strongly penalized. With this in
mind, we assume for a while that mj, does not depend on x3, i.e.

mp (21, T2, 23) = mp (21, 22): Q — S, (1.6)

and that
my, varies on length scales > h. (1.7)

Moreover, we also assume that the external magnetic field Hexs s is in-plane, invariant in z3 and
independent of h, i.e.
Hextn (21, %2, 03) = (Hegy 5 (21, 72),0). (1.8)

The Maxwell equation (1.4) implies
Auh = diV(mh]].Qh) = div(mh)]lgh - (mh : I/)]lth = diV/(m/h)]lgh - (mh . l/)]lagh

in the distributional sense in R3, where v is the outer unit normal vector on 92, m;L = (mp,1,Mp,2)
and div'(m},) = d1mp 1 + amy, 2. In other words, uy, is a solution of the problem

Aup, = div'(mj}) in Qp,
Auh = 0 in R?’ \ Q}“
[86%"] = my-v on 0y,
where [a] = a™ — a~ stands for the jump of @ with respect to the outer unit normal vector v

on 9Qy,. From [21, Section 2.1.2] (see also [16]), by assuming u, € H!(R?), we can express the
stray-field energy by considering the Fourier transform in the horizontal variables:

/. / "2
[ vuar=n [ EFLIEL (g, 1) ag
R3 R2 |§|

b [ 1F 1) €)1 (€ ¢

where F stands for the Fourier transform in R?, i.e. for every f: R? — C and for every £’ € R?,
F(HE) = f&) = R2 fa")e 2" qg
and

1— —27\'h\§’\
9h(|§/|) = W- (1~9)

Remark 1.1.1. The function gy satisfies the following useful properties.
For every h > 0 and ¢’ € R?, e 2™l € (0, 1], hence g5, (]€'|) = 0. Moreover, for every & € R?,

e 2 MET =1 —27h|¢'| + 272R2 |¢'° + o(h?)  when h — 0,

thus (gy) converges almost everywhere to 1 in R? and, for every £ € R?, for every h > 0, gn(|¢'])
is bounded independently of h.

In the asymptotics h — 0, we have gp, (|¢’|) — 1 and 1—g3, (|¢'|) — 0, hence we can approximate

/. 1 |2
/ |Vuh|2dx%h2/ mle’: Flmi o)) d§’+h/mi3dx’.
R3 R2 €] o
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A more precise approach (see [16], [32]) is given by

. 2
/]1@ |Vuh|2dx ~ h? Hdlv/(m%)wmHH,I/Z(]RQ)
) . (1.10)
+ —h? |10gh|/ (mj, - )" dH' + h/ mi 5 da’,
2m oQ o

where div'(m},)cont = div’(m},)1q and v/ is the outer unit normal vector on 92. Hence, the stray-
field energy is asymptotically decomposed in three terms in the thin-film approximation. The first
term penalizes the volume charges, as an homogeneous H~1/2 seminorm, and favors Néel walls.
The second term takes in account the lateral charges on the cylindrical sample and favors boundary
vortices. The third term penalizes the surface charges on the top and bottom of the cylinder, and
leads to interior vortices. For more details on the different types of singularities that can occur
in thin-film regimes, we refer to [16] or [21]. Combining (1.10) with the assumptions (1.6), (1.7)
and (1.8), we get the following approximation for the reduced two-dimensional thin-film energy:

E(my) ~ ° {h?f/ |V/my, |2da’ + h/ D' V'mu Amy, da’
Q Q

2, 2
4 Y ||d1V (mh)cont||H—1/2(R2)
% e (1.11)
+ 5 floghl [ (mj, - V) dH
on

+h / (mh 5+ Q@ (my) — 2Hly, y, - mj,) da’ |,
Q

with D’ = (ﬁl,ﬁg) and D' : Vim, Amy, = Z?Zl ﬁj - 0jmp N\ my,.

The expression (1.11) is interesting because it allows us to see the diversity of thin-film regimes.
By thin-film regime, we mean an asymptotic relation between h and n when h — 0. In the
following, we consider a thin-film regime that favors boundary vortices, while taking account of
the Dzyaloshinskii-Moriya interaction, the anisotropy and the external magnetic field. Hence,
regarding (1.11), we renormalize by h? [log h| so that

n? Dis Das Q - H o n
h|logh|” hllogh|” hl|logh|’ hllogh|’ h|log h|

are of the same order, and the remaining components in D are coefficients of terms involving my, 3,
hence they must vanish at the thin-film limit.
Our assumptions are based on the regime studied by Kohn and Slastikov [32] for which the

magnetization develops boundary vortices ; the new point here being that we take in account the
2
n

Dzyaloshinskii-Moriya interaction. By letting Tllog Rl tend to zero, we obtain the regime studied
by Kurzke [33] and Ignat-Kurzke [24], [25]. Boundary vortices can occur in other thin-film regimes
(see Moser [38], [39]). We should also mention the recent work of Davoli, Di Fratta, Praetorius and
Ruggeri [14] for finding a thin-film limit of the micromagnetic energy with Dzyaloshinskii-Moriya
interaction, that is similar to what we do in this thesis. Recently, Alama, Bronsard and Golovaty [3]
investigated a special type of boundary vortices, called boojums, that appear in a thin-film model
of nematic liquid crystals. That type of boundary vortices costs less energy than the one we
study in this thesis, so that our "classical" boundary vortices are not present in their model. For
studies on the Néel walls, we refer to Ignat [22], Ignat-Moser [28], [29], Ignat-Otto [30], [31] and
Melcher [36], [37].

Coming back to a general magnetization my depending on x3 and h, we introduce the x3-
average of my, in the following notation. This quantity is very appropriate in a thin-film regime
for reducing the three-dimensional general model to a two-dimensional model.
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Notation 1.1.2. For h > 0, we denote by ™y, : Q — R? the xs-average of my, i.e.

1 h
my(2') = E/ mp(2', x3) das (1.12)
0
for every z’ € €, and we denote by @y, : R? — R the associated stray field potential given by
ATy, = div(mylg,) in the distributional sense in R®. (1.13)
Note that the unit-length constraint is convexified by averaging, thus [mp| < 1.

1.1.3 Main results of Chapter 1

In this chapter, we study the energy E (mp), given at (1.5), in a thin-film regime governed by the

2
main assumptions that h“zghl, hlll:c))1g3h|’ hl%g?’h‘, hllc?gh\ and Iﬁ?gtgl are of order 1. More precisely,
we consider the regime
) ~ ~
Ul Q D3 Do3
h <1, o, ——— =0, —— =201, —— — 209,
Rlloghl " hlloghl 7 Tp M0 e 7

. (1.14)

2 3
N 1 N
LS Dl <1, 3 Dyl < 1
nogh] 2 \Prl <L gmoegy 2 1Darl <1,
Jk=1 k=1

where a, 8 > 0, 61,0, € Rand D = (ﬁjk)(j,k)e{1,2,3}2 € R3*3. The parameters n = n(h), Q = Q(h)

and D = D(h) are assumed to be functions in h.

1.1.3.1 Gamma-convergence of the micromagnetic energy with Dzyaloshinskii-Moriya
interaction in a thin-film regime for boundary vortices

We consider the rescaled energy

E(my)
Ep(mp) = 52 [log h| (1.15)

for maps my,: Qp, = Q x (0,h) — S? with
Auy, = div(mylg, ) in the distributional sense in R3.

For every h > 0, we define my,: Q1 = Q x (0,1) — S? and ﬁcxmh: R3 — R3 to be such that, for
every (z',x3) € Q1,

mp (2, 23) = my (2, has), (1.16)
and B
Hext,h(xlv 553) = Hext,h(x/; hl‘g) (117)
Moreover, we assume that
Hex N
<h |10;2|> converges in L' (1) to yHext.0, (1.18)

where v € R and ﬁcxt,o: R3 — R3 is independent of 3. Setting finally

Ep(in) = En(my,),
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we have (see Section 1.2.1 for details):

En () = (|V’ﬁzh|2 + — |03 )

h|10gh|
1 ~
—_— D' Vi, Ay, d —_— Ds - 0smp Amy, d
+h|10gh| /Q] Vimp A mp x+h2|logh| 3 - Osmp A my, dx
) (1.19)
—_ Vug|?d
T Togh] e |Vl 4
Q ~ 2 ~ ~
+ d(my) de — ——— Heyi - my, da.
hllogh| Jg, (72n) hllogh| Jo,

We prove the following statement of Gamma-convergence for Eh. It justifies that in the
regime (1.14)4(1.18), we obtain a reduction from a 3D model to a 2D model by Gamma-convergence.

Theorem 1.1.3. Consider the regime (1.14)4(1.18). Let v be the outer unit normal vector on 0§

and & = (81,82). Let Ey, be given at (1.19). Then the following statements hold:
(i) Compactness and lower bound.

Assume that there exists a constant C > 0 such that, for every h > 0, Eh(ﬁ%h) < C. Then, for
a subsequence, (my) converges weakly in H' to mo € H'(Q1,S?), where mq is independent of x3
and satisfies mo 3 = 0. Moreover,

lim inf E}, () = Eo(mo),
h—0

with

E‘o(ﬁ)a{/ |V’ﬁz\2dx+2/ §- V' A d:z:]
Ql Q1

1 -
(m-v)> dH' + B ®(m) de — 27/ Hex o - m dez,
21 Joq o o

(1.20)

if m e H*(Q1,S?) is independent of x3 and satisfies ms = 0, and Eo(m) = +oco elsewhere.

(i) Upper bound.

Let mo € HY(Qq,S') be such that mg is independent of x3 and mo3 = 0. Then there exists a
sequence (y,) that converges strongly to mo in H'(21,S') and satisfies

lim Eh(’r’ﬁh) = Eo(ﬁlo),
h—0
where Eq is given at (1.20).

The proof of this theorem combines the works of Kohn-Slastikov [32] and Carbou [11], to
which we add here the contribution of the anisotropy energy, the external magnetic field, and the
Dzyaloshinskii-Moriya interaction.

The three-to-two-dimensions reduction takes sense in the following remark.

Remark 1.1.4. We can be more precise concerning the Gamma-limit Ey of the sequence (E‘h)
in Theorem 1.1.3. Since 2; has he1ght 1, Hext o0 is 1ndependent of x3 and Eo is a functional of
maps m € H*(Q1,S?) such that m is 1ndependent of z3 and m3 = 0, we have

Eo() = Eo()
—a{/ V' dx’—l—?/ﬂ&V’ﬁl’/\m dx’} (1.21)
(W -V 2AH + B [ D) daf — 2y / Hono - i da’,
2 0 Q Q
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for every m’ € H'(Q,S'), where v/ denotes here the outer unit normal vector on 9Q. As a con-
sequence, Theorem 1.1.3 means a reduction from a three-dimensional model to a two-dimensional
model.

Corollary 1.1.5. In the regime (1.14)+(1.18), let E}, be given at (1.19). For every h > 0, Ej,
admits a minimizer my, € H(1,S?). Furthermore, for a subsequence, (my) converges weakly
in H' to a minimizer mg € H*(21,S?) of Eo.

1.1.3.2 On the local minimizers of the Gamma-limit of the micromagnetic energy in
the upper-half plane.

We study local minimizers of the Gamma-limit given at (1.21), without anisotropy and external
magnetic field. To do so, we analyse critical points of this energy in the upper-half plane Ra_, and

we are led to consider a rescaled version of Ey denoted by

1 1
El(0;Q) = 5/ (\V<p|2 —24- V<p) dz + 2*/ sin? ¢ dH!, (1.22)
QNR% € Jan®x{0})

where § = (§1,82), € = 27, Q is a bounded open subset of R? and ¢: Q — R is a lifting
of m': Q — S'.
Definition 1.1.6. A function ¢ € Hlloc(@) is a critical point of E? if

E2(p + ty; Supp(v)) = 0,
t=0

dt

for every ¢ € C*(R?) with compact support.

Definition 1.1.7. A function ¢ € Hlloc(@) is a local minimizer of E2 in R? in the sense of De
Giorgi if

E (3 Supp()) < EZ (¢ + 9; Supp()))
for every ¢ € C*(R?) with compact support.

Consider the problem

f e C(R2) N CNED),

x1,T2) — f(x1,22) — Axo is bounded in R2,

(AJI“ :23 in Ié(il ? i " (PNy)
Oof —A+sinf =0on R x {0},

where A € R is a constant parameter. This problem is a modified Peierls-Nabarro problem, that
has been studied by Amick and Toland ([5], [43]) in the case A = 0. Following their work, we show
the following statement.

Theorem 1.1.8. Let A € R. Solutions of (PNy) in @ are given by:

— for n € Z, the functions
(z1,22) = nw + Axa, (1.23)

~ forn € Z and a € (1,2), the x1-periodic (with period %) functions

tan(ox)

— 2nm £ 2 t —_
(z1,22) nw [arc an ( e

) — arctan (T (z2) tan(oz1)) | + Az, (1.24)
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defined for x1 € R\ (& + ZZ) and extended by (1, 2) — 2nm + Azy elsewhere, and every
translation in the variable x1 of this type of functions, where o and Iy, are given by

1 tanh(ox
o= TVa@ @), Ta(e) = LTEOT) 2

1+ vytanh(oxs) 20

— for n € Z, the non-periodic functions

L1
— 2nm £ 2 arct
(z1,22) nm £ 2arctan <1 T

) + Ay (1.25)

and every translation in the variable x1 of this type of functions.
In Proposition 1.3.2 below, we show that if ¢, is a critical point of 2, then the rescaled function
e (x1,22) € @ — 2@ (exy,exa) +
with the assumption that (x1,22) — ¢-(x1,22) — Acx2 is bounded in ]Ri, satisfies the prob-

lem (PN, ) in the case A. = 2e8,. Coming back to local minimizers of E? in R% in the sense of
De Giorgi, we finally get the following statement.

Theorem 1.1.9. For a € R, the functions

T +ea

e (T1,22) € @ — g — arctan ( ) + d222 (1.26)

XTo + €
are the only local minimizers of E? in R? in the sense of De Giorgi such that

lim ¢ (21,0) =0, lim ¢ (x1,0) =7 and [(x1,22) — (21, 22) — daxa] € L‘X’(]Ri). (1.27)
— 00

T1—+00 T1—

1.2 Gamma-convergence of the micromagnetic energy with
Dzyaloshinskii-Moriya interaction in a thin-film regime
for boundary vortices

1.2.1 The rescaled energy E),

Let 2, = Q x (0, h) with Q C R? a smooth bounded open set of typical length 1. For a magneti-
zation my,: Q, — S? that satisfies

Auy, = div(mp1lg,) in the distributional sense in R3,

we define Fj(my) as in (1.15), using (1.5), as

2
n 2 1 ~
E = d —_— D: A d
n(mn) R log ] Jo, [Vmp| x+h2 flog 7] Jo, Vmy, Amy, dz
1 2
—-— v d 1.28
+h2|10gh| /R3‘ vl dz (1.28)
Q 2
— % | @mp)de— — | Hogn-mp da,
T W logh] Jo, T AT R logh] J, et ™ 47

where ®: §2 = R, Hewp: R? — R3 and D € R3*3,
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The energy (1.28) has been studied by Kohn and Slastikov in [32] by considering only the
exchange and magnetostatic terms. If it seems clear that the exchange energy is one of the leading-
order terms in the asymptotic regime (1.14)4(1.18), the work of Kohn and Slastikov shows that
the limit model also keeps a contribution from the magnetostatic energy.

In order to make the energy Ej, easier to study, we remove the dependence on h in the bounds
of the involved integrals by a new rescaling. More precisely, for any h > 0, we set my: Q3 — S?
and Hext p: R? — R3 to be such that, for every (z/,z3) € &1 = Q x (0,1),

in (2’ x3) = mp (¢ hag)  and  Hexon(2',23) = Hexon (2, hs).

‘We then have

h
/ |th|2dx:// IV (mn (2, 25))|” da’das
Qp QJo

1
:h// IV (mp (2, hiis))|” da’d7s
QJ0
[ [ (19 )+ - G (o ) ) da'dz
= 0Jo mp\x ,x3 n2 3Mp\T ,T3 T dr3

1
_ h/ V2 + — |Dgin? ) de,
Q h?

by the change of variable x3 = hZ3 and using that dsmy,(z', hZT3) = %83rﬁh(x’,53). By the same
change of variable,

/ ﬁ:th/\mhdx:h B/Zvlﬁlh/\ffbhdit-F ﬁ3~83ﬁlh/\77bhd$,
Q;L Q1 Ql
where D = (D', Ds),
/ O(my) de = h/ ®(my) de, and / Hexp p - my, do = h/ ﬁext’h -my, dz.
Qpn (o1 Qp (o

Setting Ej,(mn) = Ep(mp), we eventually get
E(m)zﬁ/ IV n 2 + = |Bgiin?) de
P B log b Jg, Tz TSR

1 / ~, ~ ~
+ — D" :V'mu AN my, dx
h|loghl| Jo,

1 ~
= [ Dy s Ainn d
T 2 logh Jg, O8N T G
1 2
— = [ |Vu)?d
o ogh] Ja |V inl

Q _ 2 / ~ _
+ d(my,) do — ——— H, b dx
hllogh| Jq, () hllogh| Jo,

which is (1.19). The rest of this section is devoted to prove Theorem 1.1.3.

1.2.2 Coercivity

In this section, we provide a statement of coercivity concerning the energy Eh. We begin with
giving basic estimates for the Dzyaloshinskii-Moriya interaction energy, that will be useful in the
sequel.
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Lemma 1.2.1. We have

Dy - Oy, Ay, dz| < |Das| [ |0y, A | da
& & (1.29)
+ (1Dl + |Dial) / (1+ lown|*) da
(951
and
ﬁg'@gﬁlhAﬁ’Lh dx| < |ﬁ23| |82’I’7L;1/\ﬁ7‘;1|d1‘
o o (1.30)
+ (‘DZI‘ + |D22|) / (1 + ‘8277%‘2) dz
Q1
Proof. We denote by (el, €2, 63) the standard orthonormal basis in R3.
By expanding D1 as D1 D1161 + D12€2 + D13€3, we have
Dy -0ymp Amy, dx = ﬁnel -Ovmyp Amy, dx
Ql Ql
+ ﬁlgeg -Ovmyp Amy, dx (131)
(951
+ ﬁlgeg - Ohvmyp A my, dzx,
(951
and it is clear that
ﬁ1363 -Ovmp Amy, dx = ﬁlg 817%;1 A ﬁllh dzx. (132)
Q1 951

Hence, it suffices to find an upper bound for the absolute value of the integrals involving 1311
and Dyo. For the first integral, note that

D11€1 . al’fﬁh AN T?Lh dx = D11 ( ’fﬁhygal’fﬁhyg dz — T?lh,galﬁlh’g dx) .

(931 Q 2

By Young’s inequality,

Mh,301Mp,2 < (1 + |3177Lh|2) ,

l\.')\»—l

(|mh sI° + |01 2| )

1\9\»—*

and similarly,

(1 + |almh|2) .

l\DM—‘

(|mh o|* + |17 3 )

L\DM—*

Mh,201Mp,3 <
‘We deduce that

Dyiey - Oymy, A my, dx
Q

< |Du| (1 + |almh|2) dz
Q1

By the same arguments, we have
Blgeg -Ormp AN my, dz
Q1

Combining the above inequalities with (1.31) and (1.32), we deduce (1.29). The proof of (1.30) is
similar. O

< |Dus) (1 + |almh|2) dz
Q
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Lemma 1.2.2. We have

1 ~ - ~
‘ D3 - 9smyp A my, do

h Ja,
1
<|D31|+|D32|+' ;3'>/ (1+ gz 00 ) o
(o1

Proof. We denote by (617 e, 63) the standard orthonormal basis in R3.
By expanding D3 as Dd D31€1 + D3262 + D3363, we have

(1.33)

1 ~ - - 1 ~ — -
— Ds - Osmy, Amy, do = — Dsieq - 9smy, A my, dx
h Jq, h Jo,

+ - ngeg - Osmy, A my, dx
h Jo,

+ - ﬁ3363 - Osmy, A my, dx.
h Jo,

For the first integral in the right-hand side above, note that

1 [ = o D I
— Dsieq - 9smp A my, doe = % ( mh’383mh’2 dx —
(951

h 7%}1)26377%)3 d(E) .
Q1

Q
1 ~
(1 + ﬁ |83mh|2> s
1 ~
<1 + 2 |33mh|2) .
1

~ B N R 1 ~
- Dsjeq - Osmp Amyp, dz| < |Day| (1 + |83mh|2) de.
h Ja, o, W

By Young’s inequality,

1_ - 1/, - 1 -
—Mp 303Mp2 < = <|mh,3|2 + 5l |53mh,2|2> <

(N
[N

h
and similarly,

1 - 1 - 1 -
Emh,283mh,3 <z <|mh,2|2 + 73 |33mh,3|2> <

[\
N —

We deduce that

By the same arguments, we have

1 ~ _ _ ~
— Dsaeq - Osmp Amyp, dz| < |Dss| (1 + = |83mh| )
h (921 951

Furthermore, we have

.53363 - Osmp Amy, de = ﬁ33 &;mh AN mh dz,

h Ja, o, h

(ki )

<h2 |83mh‘ + 1)

and by Young’s inequality,

L
fagmh Amy, = agmﬁl <(mp)” <

w\'— DO =
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Consequently,

1 [ =~ o Ds;
' Dsses - Osmyp Amy, do | 33|

h Ja,

<

1 ~
<1 + 3 |agmh|2> dz,
Q

and the upper bound (1.33) follows. O

Notation 1.2.3. In the following, we denote from (1.19):

Ey (i) = B\ (i) + ByY (i) + By (), (1.34)
where
B () " Vi |? + ! |05 |? ) da
mp) = —
P hlloghl g, Come (1.35)
1 2 Q / - '
= [ vu,)?d ) dz,
t 12 ogh] /R3| A+ Gogh] J, 20T do
E}j)(ﬁlh):fL / Heyop -y, d, (1.36)
h |log h| Q
and

- 1 ~
EP (i :7/ D' Vi, Ay, d
no (M) hllog k] Jo, MTth AT CE

1
T W logh] Jo,

(1.37)
D3 - Osmy A my, do.

Proposition 1.2.4 (Coercivity). In the regime (1.14)+(1.18), there exist constants hg >0
and C > 0 such that, for every h € (0, hy),

~ 1)~
Ep (i) > 5E}f’)(mh) - C. (1.38)

Proof. Let h > 0. We use the decomposition (1.34) of Ej, (). We clearly have E}(LO) (mp) = 0.

The strategy for the two remaining terms is the following. On the one hand, the energy E}(Ll) (mp)
being bounded, we will absorb it in the constant C. On the other hand, we will distribute the con-
tribution of the energy E,(f)(ffzh) in the energy E}(lo)(fflh) and in the constant C', using Lemma 1.2.1
and Lemma 1.2.2. Another example of absorbing the DMI into other terms of the micromagnetic
energy can be found in [12]. In that paper, Ignat and Cote absorb the DMI into the exchange and
anisotropy energies, in order to prove coercivity and then a Gamma-convergence result.

Using Holder’s inequality with |my| = 1 in 5, we have

~ . 2 ~ ~ ﬁext h
‘E}(Ll)(mh)l = ’/ Hext,h s Mp, d.%‘ < 2 : .
h|logh| Jq, h |log h| o)
Furthermore, in the regime (1.14)4(1.18), Iﬁ?gé;;l = |y H.ﬁexmoHLl(Ql)? hence there exists
L ()

a constant C(y) > 0 such that, for A > 0 sufficiently small, we have |E‘£Ll)(ﬁ1h)| < C().
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By Lemma 1.2.1 and Lemma 1.2.2, we have

B R )~
K, < g D. 1 V

+ |ﬁ13| |8177l;l/\ﬁlh‘d$
(951

+|ﬁz3|/ |Oamy, Ay, | dae
(951

3
~ 1 ~ 9
+’§|D3k|/gl (1+ %l |83mh| )dx] .

Let € > 0. By Young’s inequality,

~ ~ 2

D o _ 1 (|D _

| ;3‘ |81mhAm;L|dm<€/ 0y |* da + — | ;3| / | da
n o o de n N

2
‘ 13|> ‘Ql|7

1
/Ql vty dar + - < i
D L, D
| §3| ‘anhAmh|d$<€A ‘32mh| dz +4 <| n23|> |Ql|
1

)

since |m},| < |mp| = 1. Using the same arguments,
n Q

Furthermore, we note that, in the regime (1.14)4(1.18),

|D23|

| D13
772

2 3
1 N
26, 26, 3 —— 53D 1.
1 2 h|logh Jk| <1 AT k:1| 35| <K

4 k=1

We deduce that, for h > 0 sufficiently small,

2
~(2) < I~ 12 n-e ~ 12 ~7 12
EP (i )|\oh(1)/Ql (14 9" )dx+h|logh|/ (|81mh| + |9t | )dx
2

n 12 | 2 /
+ +05+1)+o0 1+ 0
hllogh| € (5 62 ) n(1) o | 3mh|

2
77 € )~ 2 ]- ~ 2
< —
< <h|1ogh| +0h(1)> /Q1 (|V mp|” + W2 |G| )dx

,'72

h|log h|

Q

% (67 + 63 +1) +on(1).

We eventually combine our estimates on E,(Ll)(ﬁzh) and E}(Lz) (mp): for h > 0 sufficiently small, we
have

Eh(ﬁlh) > E}(lO) ('Fflh) - 0(7)

2
n ~ 12 1 ~ 2
— + 1 V'm — |0sm d
(h|logh|€ on( )) /Ql (| nl”+ e | 0577y | ) x

__ |
h |log h|

(67 + 65 +1) — on(1).
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Since h|+;hl — o in the regime (1.14)+(1.18), then choosing € > 0 so small that 1 —e — 05, (1) > 3
and setting C(a, d1,02) = (a+ 1) |Q| (62 + 03 + 1) + 1, we get

~ 1~y ~ 1

(i) > 5B (n) = C(3) = ZCla, b1,62).
Setting C' = C(v) 4+ £C(a, 01, 82), we get the expected estimate. O

1.2.3 Gamma-convergence

As mentioned in the introduction, the stray-field energy in Eh(ﬁzh) has been studied by Kohn
and Slastikov [32] in the regime we are considering. We cite [32, Lemma 4] and the estimate (33)
from [32]:

Theorem 1.2.5. For h > 0, set

I(h) _/ /{m/ /BQ ”:/"|x”y|2(mhs ”)t() ) o dsdyat, (1.39)

where v(z') is the outer unit normal vector at a point x’' € 0. If () converges weakly to Mo
in HY(Q), then

. I(h) 21
im —~2 =29 . . 1.4
ns0 h2 [log A /89 (o - v)” dH (1.40)

In particular, the constant 2 in the above limit is computed by using an integral operator in [11].

Theorem 1.2.6. For h > 0, consider gy as in (1.9), my: Qn — S%, up, as in (1.4), my, as in (1.12)
and my,: Qp — S? satisfying (1.16). We have

1 2
- d
12 [log ] /Rg V" da

1 B o
— o L 1F )€ e e

1(h)
4mh? |log h|

(1.41)

o~ 2 1 . 1
+ (1 i Gin)] 22 )+ e ||agmh§2ml)> 0 <|10gh|> as h— 0,

where I(h) is defined in (1.39), F denotes the Fourier transformation and e3 is the third unit vector
of the standard orthonormal basis in R3.

Both previous theorems will be useful for proving Theorem 1.1.3. We now present and prove
three theorems (compactness, lower bound and upper bound) on the Gamma-convergence of E},
that will lead to Theorem 1.1.3.

Theorem 1.2.7 (Compactness). Consider the regime (1.14)4(1.18). Assume that there exists a

constant C > 0 such that, for every h > 0, Ep(mp) < C. Then, for a subsequence, (my) converges
weakly to mq in H', where mo € H'(1,S?) is independent of x3 and satisfies mo 3 = 0.

Proof. By Proposition 1.2.4 and since we assumed that Eh(ﬁlh) is bounded, there exist hg > 0
and Cy > 0 such that, for every h € (0, hg), E;LO) (mp) < Cp. In particular, for every h € (0, hy),

we have # log
/ |V’ﬁ1h|2dx | Og |Co,
ol 7>
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and b Lo
/|83mh|2dx<h2~ |;’§ e, (1.42)

1

In the regime (1.14)+(1.18), }llirr%) % = o and }llirr%) h? - % = 0. Hence, (V'my,) is bounded
— —

in L2. Moreover, |my| = 1 for every h > 0, thus the sequence (1) is bounded in H'. By the
Banach-Alaoglu theorem ([42, Theorem 3.15]), for a subsequence, (my,) converges weakly to mg
in H!, for some mg € H'(Q1,R3).

It remains to show the stated properties of mg. By the Rellich-Kondrachov compactness the-
orem ([18, Section 5.7]), up to taking a further subsequence, we can assume that (my) converges
strongly to mg in L? and almost everywhere inQ;. In particular, || = 1 almost everywhere
in Q. By (1.42), (93my) tends to zero in L?, but we also know that (93my) converges to d3mg
weakly in L2. By uniqueness of the weak limit, we have d3mg = 0 in~L2. It follows that mgq is
independent of z5. By Proposition 1.2.4 and since we assumed that Ej,(mp) is bounded, there
exist hy > 0 and C; > 0 such that, for every h € (0, hq),

1 2
—_ de < C4.
h? [log h| /R2 [Vunl"dw < O,

Using Remark 1.1.1 and Theorem 1.2.6, it follows that, for every h € (0, hy),

1(h)

0< [ 1Fm )€ Pan(ie ae < (01— gt

) h|logh|.

By (1.16), we have my;, = 7,. By weak convergence of (my,) to mgo in H', by Fubini’s theorem,
and since mg is independent of 3, then () converges weakly to mg in H L. Hence, we can use
Theorem 1.2.5 and we get

| 1) L
1 _— — = —_ — .
nao <01 47h? [log h|> G- o /aﬂ(mo V) AR < Foo,

since |mg| = 1 almost everywhere, where v is the outer unit normal vector on 92. We deduce that

lim | |F(n - es) (€)Pgn(1€']) d€’ = 0.
— R2

Since my, = 0 in R? \ Qy, then for every h > 0,
[ 1 e € Pon (€D d€' = [ 17 @nata)(€)Pone]) dc-
Since (g) converges almost everywhere to 1 in R? and g, (|¢’|) is bounded for almost every ¢ € R?

(see Remark 1.1.1), and (F (7, 3)) is bounded and converges almost everywhere to F(mg 3) in €,
we deduce from the dominated convergence theorem and the two above relations that

[ 1F@asta)eae =0

By Plancherel’s formula, we get
[ aa@)Pas = [ 17(@aata) )P =o.
Q R2

We deduce that %0’3 = 0 in Q, but since mg is independent of x3, we firstly have mg 3 = ﬁoﬁ =0
in , and secondly mg 3 =0 in €. O
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Theorem 1.2.8 (Lower bound). Consider the regime (1.14)+(1.18). Consider a sequence (mp)
in H'(Q4,S?) and mo € H'(Q1,S?) such that mg is independent of x3, mos = 0 and (mp)
converges weakly to mg in H'. Then

lim inf E}, (M) = Eo(mo), (1.43)
h—0

where Eq is given at (1.20).

Proof. We denote by v the outer unit normal vector on 0f;.
If lilgl i(r)lf E;(myp) = 400, then the expected inequality is obvious. Assume that there exists a
—

constant C' > 0 such that liin i(r)lf En(my) < C. Let h > 0. By (1.19), we clearly have
—

2
=~ n I~ (2
E 2 d
n () h|logh|/ |V'mp|*dx
D' V', Ay, d
+h|10gh|/ th mh X
Lo
h? |log h|

1 2
. d
+ hQ\logh\ / [Vun|” dz

/ m / Hext h L dl‘
h|log b n) hllogh|

2
Let us examine each term of this inequality in order to prove (1.43). Since m — v and (V)

D3 - Osmy, A my, dz (1.44)

converges weakly to Vimg in L2, then by weak lower semicontinuity of the Dirichlet integral, we

have
2

o U] I~ 2 I~ 12
— = . .
hinﬁl(r)lf R log ] Jo, |Vimy,|” dz > oz/Ql |V'mg|” dz (1.45)

Recall that

2 3
1 ~ 1 ~
—— | D' :V'myu Amy, doz = E E /D- - Oymy Ay, d
h |log h| /Ql MM A\ M GF h|log h] & jk€k * OjMp N Mp, AT

j=1k=1"%1
9 ~
D
:Zh]jkh ek d;mp ANmy, do
k=1 |log Q
7 D13 /
ormp N my, dz
h|logh| n? §
7]2 D23

22 oo [ Oy A da.
Rllogh] 72 @ Jg, P AT

Since (my,) converges weakly to mgo in H!, then up to a subsequence (thanks to the Rellich-

Kondrachov compactness theorem [18, Section 5.7]), we can assume that () converges strongly
to mg in L2. As a consequence, we deduce that, for j € {1,2},

lim / @ﬁLh Amy, dr = 8jﬁ10 A mg dz.
h—0 Ql Ql
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Combining this with the assumptions (1.14)+(1.18), we deduce that

lim ——— [ D' : Vi, Ay, do = 2 -G A g da. 1.4
h%h|10gh| o, Vimy Ay, doe = 2a 915 V'mg Amg do (1.46)

Similarly, as (%8377%) converges weakly to some M in L2,

1 _ - ~
lim — Osmyp, Amy, do = M A mg dx.
h—0 h o} ol}

s -
But oz o1 [Dak| < 1, hence

lim ——— [ Ds - Oy, A0 =0. 1.4
h%h2|logh| o, 3 - O3mp Amy, doe =0 (1.47)

By Theorem 1.2.6 and since g > 0 (see Remark 1.1.1),

1 , 1(h)
1 dz > — o),
72 log 1] /Rs Vel de > e n T o)

By (1.16), we have m;, = my. By weak convergence of (my,) to mgo in H', by Fubini’s theorem,
and since mg is independent of 3, then (M) converges weakly to mg in H'. Hence, we can use
Theorem 1.2.5, from which it follows

1
Vup|? dz > 7/ (7o - v)2dHL. (1.48)
o0

lim ——
70 2 [log h| Jgs 27

Since (my) converges (up to a subsequence) almost everywhere to mg in €; and ® is continuous
in S2, then (®(my,)) converges almost everywhere to ®(myg) and is bounded (because S? is compact).
Thus, by the dominated convergence theorem and since ﬁ — B,

lim ——— ®(my,) do = d(mg) dx. 1.4
M F g ] o, $Um) dv =15 | (o) dv (1.49)

Finally, we have

ﬁcxth ~ Tr ~
- : - Hex : d
/Ql <h|logh| T el m°> ’

chth T ~
— — vHoy . d
/91 <h|1ogh| Y t,0> myp dx

/ Vﬁext,o - (my, —mg) dz
Q1

<

+

The first term in the right-hand side above tends to zero by Holder’s inequality, since ( }fﬁe;‘gt’;zl)

converges to Wﬁext,o in L' and ||~ = 1. The second term also tends to zero, by domi-
nated convergence theorem: indeed, up to a subsequence, m; — mo almost everywhere in €y,
and |[YHext,0 - (Mn, — Mo) | < C||Hext,0l|ze < C. We deduce that

. ﬁextAh ~ o ~
. = . . 1.50
}ILIE%J /Q1 h |log h| mp do 7/Ql Hext,0 - 1o do (1.50)

Taking the lim inf in (1.44) and using (1.45), (1.46), (1.47), (1.48), (1.49) and (1.50), we get (1.43)
as expected. m
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Theorem 1.2.9 (Upper bound). Consider the regime (1.14)+(1.18). Consider a map g
in H'(Q1,S') such that mg is independent of x3 and mo 3 = 0. Then there exists a sequence (Mmp,)
in HY(Qq,SY) such that (my,) converges strongly to mo in H' and satisfies

lim Ey, () = Eo(o), (1.51)
h—0

where Eq is given at (1.20).

Proof. We denote by v the outer unit normal vector on 0€;.
We consider the constant sequence (mp) = (mg). By Theorem 1.2.6 and Theorem 1.2.5, we have
in this case
1
li — d = — d 1 _ )2 d 1
since mg is independent of z3 and mg 3 = 0. Usmg the decomposmon (1.34), we have, in the
regime (1.14)+(1.18),

lim E( )(mo) = a/ [V'mg | dz + —/ mo-v) dH + B8 | ®(me) da, (1.52)
h—0 Ql Ql
by the above convergence result and using again that myg is independent of x3. We also have

lim E( )(mo) = —27/ ﬁext,o - dz, (1.53)
Q

h—0

since by Hélder’s inequality,
Hext,h 77

- Hex
hllogh] [ rext0

X

Hexth ~ 77 ~
da — Hewi o - Mo dz| <
/ hlogh] mg dw /le ¢,0 - o do

L1 (1)

and <}ﬁf§é,’;) converges to ’Yﬁext,o in L'. Furthermore, using that 7o is independent of x3, we

get

E (i)

D' V'ing A d
h|logh|/ V'mg A mg dx

:7/ D1-817710/\7710—&—D2-821%0/\7%0)dx,
hlogh| Ja,

and since mg 3 = 0 (and thus 9;mg 3 =0 for j € {1,2}),

=)~y _ 1 5 N S
Eh (mo) = n |10gh| o, (D1363 . (917710 A mo + D2363 . 827710 A mo) dz
772 1313 ﬁzs

= == Orymy A my da +
h [log h| 7> oft 0 0 | g hl n? oft

Then, in the regime (1.14)+(1.18), we have

Bty A il da.

lim E\? (o) = 206, [ Oym) Aml da + 208, | Oyl Ay da. (1.54)
h—0 o o}
Combining (1.52), (1.53) and (1.54), we get (1.51). O

Theorem 1.1.3 is now a direct consequence from Theorems 1.2.7, 1.2.8 and 1.2.9.

Corollary 1.1.5 is a consequence from Proposition 1.2.4 and the direct method in the calculus
of variations on the one hand, and from Theorem 1.1.3 and properties of Gamma-limits (see [13,
Proposition 7.8]) on the other hand.
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1.3 On the local minimizers of the Gamma-limit of the mi-
cromagnetic energy in the upper-half plane

This section is devoted to look for local minimizers of the Gamma-limit Ey given at (1.21). We
assume here that the anisotropy ® and the external magnetic field ﬁext,o are equal to zero.
Moreover, since all quantities in this section are two-dimensional quantities, we drop
the primes ' in the notations.

The energy that we will study in this section, resulting from (1.21), is

1 ~
+—/ (- v)? dH?,
27 QN(Rx{0})

for every m € H'(Q,S!), where Q is a smooth bounded open subset of R? and v is the outer unit
normal vector on ).

\vm|2dx+2/ §- Vi Am da
QrﬂRi

EO(%;QﬂRi):al/ﬂ

2
NRZ

1.3.1 The energy in the upper-half plane and its critical points

By making a blow-up near the boundary 02, we are led to consider localized functionals with the
integrals defined on sets of the form N Ri, where  is a smooth bounded open subset of R2.
Let Q C R? be such a set. For m € H'(Q,S!), there exists (see [9]) a lifting ¢ € H*(Q,R) of m,
i.e. m = e¥*. Note that v = —ey, where e5 is the second unit vector of the standard orthonormal
basis in R?. Since

Vm =V (ei“") = iVye',

VmAm=7Tm (—ngpe_wew) = -V,

and

m-v=—mg = —sinp,
we can introduce

Eo(fs QN R%) = a/

1
. (|V<p|2 _95. w) do+ — sin p dH1.
nkY

27 QN(Rx{0})

Setting & = 2ra and E?(¢; Q) = 2L Eo(m; Q NRY), we get

1 1
EX(p; Q) = 5/ (\V<p|2 —20- V<p) dz + 2*/ sin? p dH'. (1.55)
QNR% € Jan®x{0})

In the case § = 0, the energy Eg = EY has been deeply studied by Kurzke [33] and Ignat-
Kurzke [24].

Proposition 1.3.1. If o € H. (R2) is a critical point of E?, then

1
/ (Vo —10) -V de + — / sin(2¢p)y dH' = 0, (1.56)
R2 NSupp () 2¢ J(®rx{0})nSupp(v)

for every ¢ € HY(R?) with compact support.
Proof. Let o € H}.

loc

(@), 1 € C1(R?) with compact support, and ¢t € R. We have

1

B3 (o + tviSupp(v)) = 5 [ (IVe + V0 26 V(o + 1)) do
R NSupp(¥)

1

— sin?(p + ty) dH?.
2¢ J(®rx{0})nSupp(v)
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On the one hand, in R% N Supp(¢)),
IV + tV|* — 26 - V(g + ) = [Vl +26(Vp — 8) - Vo + O(t?)  as t — 0.
On the other hand, in R x {0},
sin?(p + t1h) = sin®(p) + tsin(2p) + O(t?) ast — 0.

Hence, as t — 0,

S (o + s Supp(u)) = ES(o5Supp(v) + ¢ [ (Vo —8)- Vo da
R2 NSupp (%)

il sin(20)e dH! + O(12),

2¢ J(®x{0})nSupp(v)

and we deduce that

d 1

G Ele+ wsuw) = [ (Ve-d) Vodo+ o [ sin(2p)u A,
dtl,—o R2 NSupp(4) 2¢ J®x{oy)nsupp(¥)
By density and by Definition 1.1.6, we deduce (1.56). O

Proposition 1.3.2. Any critical point ¢ of E? belongs to C>® (@) and satisfies

Ap = 0 inRi,
{8ggp = 2—185iI12<p+52 on R x {0}. (1.57)

Proof. Let ¢ € Hlloc(ﬁ) be a critical point of E?.
Step 1: We begin with proving (1.57) and we first assume that ¢ € Hfoc(@)
For every ¢ € H'(R?) with compact support, we have, thanks to (1.56),

1
/ (Vo —10)-Vip de + — sin(2p)y dH' = 0.
R "Supp (1) 2¢ J(rx{0})nSupp(¥)

Integrating by parts, we get

-/ Ao do+ [ (Ouip — 6+ v) i AW
R NSupp () 9(RZ NSupp ()

1

— sin(2¢)y dH' = 0.
2€ J(rx{0})nSupp(v)

But ¢ =0 on 9(Supp(¢)) and v = —es on (R x {0}) N Supp(¢)), thus

1
—/ (Ap)y dz + / (—32(,0 +d+ — sin(2<p)) Y dH = 0.
R2 MSupp (1) (Bx{0})NSupp() 2e

We can choose ¢ such that 1) = 0 on R x {0}, so that Ay =0 in RZ N Supp()). We then deduce
that 92 = 5= sin(2¢) +d2 on (R x {0})NSupp(s). This equalities being true for every ¢ € H'(R?)
with compact support, we deduce (1.57).

Step 2: Let us prove that ¢ € H2 (R%).

For the interior regularity, by (1.57) we have Ap = 0 in the distributional sense in Ri. By
Weyl’s lemma, ¢ € C*°(R?).
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For the boundary regularity, we introduce tangential difference quotients as defined in [18,
Section 5.8.2] (see also [19, Section 7.11]), and we use the ideas in [18, Section 6.3]. Our strategy
consists in proving that ¢ is H? around (x1,72) = (0,0), and then around any point (x1,0)
with z; € R, by translation.

For |h| > 0 and (z1,22) € RZ =R x [0, +00), set

App(r1,72) = + (p(x1 + hy 22) — p(1,72)) -

S| =

Let r € (0,1) be fixed. Let ¢ € C*(B,.) be a function that satisfies 0 < ¢ <1, =11in T./Q, (=0
in B, \ By, /4 and [V¢| < € for some constant C' > 0. For |h| > 0, set ¢ = A_,(¢2Ap¢p), which
is in H!(R?) with compact support. Thus, we can input this function v in (1.56). By use of the
integration by parts property of difference quotients (see equation (16) in [18, Section 6.3]), we get

2
|3 8u0s0 - 5)0,(CAnpida + 5 (2 (D) A (sin(2))dH" = 0.
B+

+ i 28 J(~r.r)x {0}

Since 41, §; are constants and expanding the derivative of (2A,¢, the above relation can be written
as Il-i-.[g-l-]g :OWIth
h=[ ¢anme)ls
Bt

=2 /B SO0 B (Anp)ds,

Id j:l

and
1

Iy = —
2¢ J(=r,r)x {0}

C(ARp)An(sin(2¢))dH!.

Let &1 > 0, that will be precised later, and j € {1,2}. Using the properties of ¢ and Young’s
inequality, we have

2/+ C(05¢)(Anp)0;(Anp)dx

3r/4

2 [ 0,000
2 2
<a [l
Bf
1
g MR
F1JB] 4
In particular, using the properties of ¢ and [18, Section 5.8.2, Theorem 3(i)], we have

C C
/ 10;¢1 | Angl? dz < & / Anpl?dz < & / Vol da.
S T B;r/él r B:r

B3T/4

‘We deduce that

C
< 2 2 — *da. :
pl<a [ Caoras o v (1.58)
By the mean-value theorem, |Ap(sin(2¢))| < 2|Axp|. Combining this with Green’s formula,
1 9 2.1 1 9 2
|Is| < - ColApp|"dH = = —0y ((CAhcp) )do: = —— CARPDs (CApp) da.
€ J(=rr)x{0} €Jpf € JBt
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‘We deduce that 5
B1<2 [ Clawl[V(CAnp)] da.
13 Bj

Let €5 € (0, %), that will be precised later. By Young’s inequality,

2re 2
Ll < 22 [ A de+ —— / ¢ |Anpl da.
9 Br+ regg B;r

On the one hand, using the properties of ¢, Young’s inequality and [18, Section 5.8.2, Theorem 3(i)],

[ IVeafar= [ Vs

3r/4

= [ Ve AT da

3r/4

<2 VCPlawePdrr2 [ ClanTe)Pds
B

3r/4 B34

C
V| do + 2/ C|AR(VY)|? da.
B B

gi
T2

On the other hand, using the properties of ¢ and [18, Section 5.8.2, Theorem 3(i)],

/ czlAthdm/ |Ahso|2dx<c/ Vol da.
B T B

3r/4

We deduce that

C
Bl<cEre [ lavata+ S [ vta (159
By By

r

Combining (1.58), (1.59) with the definition of I; and the relation Iy + I + I3 = 0, we deduce that

(1—e1 - Cle)res) /B vy ar < LG LE) /B IV a.

r2
Using that r € (0,1), and choosing &1 and €3 so small that 1 —e; — C(g)ey > %, we finally get

C
/ AL(Ve) 2 de < / AT dr < & / Vol de,
Bt B = JBf

r/2

with the first inequality coming from the definition of ¢. By [18, Section 5.8.2, Theorem 3(ii)],
taking the limits when h — 0, we get

C
/ 100(V) 2 dz < 7/ V| da.
Bt r Bj'

r/2
We deduce that o
/ (|311<,0|2 + |31290\2) dzr < *2/ Vel da.
5, 2 Ji:

Since ¢ € C‘X’(Ri), we get Jo10 = O12¢0 by Schwarz’s lemma, and Jasp = —011¢p because Ay =0

in Ri. It follows that ¢ € H2(Bj/2). Translating the support of ¢ with respect to z; in the

previous calculations, we deduce that ¢ € Hﬁm(@)
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Step 3: Let us prove that ¢ € C*°(R3%).

For the interior regularity, we already noticed in Step 2 that ¢ € C*° (Ri) as a harmonic
function.

For the boundary regularity, we repeat the arguments of Step 2 for V2¢p, etc. and prove by
induction that ¢ € H? (R2) for every m € N*, as in [18, Section 6.3, Theorem 5]. Using Sobolev
embeddings (see [18, Section 5.6.3, Theorem 6(ii)]), we deduce that ¢ € C*°(U) for every bounded
open subset U C R2. Tt follows that ¢ € C*°(R?). O

Given a critical point ¢, of E? that satisfies (1.57) by Proposition 1.3.2, we will consider in the
following the rescaled functions

¢e: (w1, 10) € @ — 2¢.(exy,ex9) + , (1.60)
that are harmonic in R? and satisfy 02, = —sin(¢.) + 2ed2 on R x {0}, i.e.

Ap. = 0 inR%,

{ D2 — Ac +sin(¢:) = 0 onRx {0}, (1.61)

where A\. = 2¢d5. We now look for explicit solutions of this problem under the boundedness condi-
tion [(21,22) — ¢=(21,22) — Aexa] € L®(R?) in order to get a modified Peierls-Nabarro problem.
More precisely, we will especially look for nonconstant, nonperiodic and bounded solutions, since
this type of solutions is expected to minimize E? as for § = 0 (see [33]).

1.3.2 A modified Peierls-Nabarro problem

For any A € R, we consider the problem

f € C*RY)NCHRY),

_ i s RQ
g}aiQ()) ; Ié%ml,xg) Azg is bounded in R?, (PN)
Oaf —A+sinf=0onR x{0}.

The problem (PN,) is a generalization of the classical Peierls-Nabarro problem (which is in fact
the case A = 0). In [43], Toland shows a link between solutions of the Peierls-Nabarro problem
and solutions of the Benjamin-Ono problem, that is given by

u € C®(R%) N CH(R2),

u is bounded in R%,

Au =0 in R?‘_, (BO)
Ou+u?—u=0onR x {0}.

The main point in finding solutions of the Peierls-Nabarro problem is based on the fact that all
solutions of the Benjamin-Ono problem were classified by Amick and Toland in [5]. The rest of
this section is devoted to determine solutions of (PN)), using the ideas in Toland [43]. A first
observation before linking solutions of (PNy) with solutions of (BO) is the following remark.

Remark 1.3.3. Note that the problem (PN,) is "odd" with respect to A, in the sense that f
satisfies (PN}) if and only if —f satisfies (PN_,). In particular, f satisfies (PNp) if and only if —f
satisfies (PNp).
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Linking solutions of (PN,) to solutions of (BO).

Let us formally explain the strategy for establishing Theorem 1.3.4. Given A € R and a
solution f of (PNy), we look for a relation between f and a solution of (BO). To do so, a crucial
observation — due to Toland [43] — is that the function

(1,22) € @ — 2arctan (1 ilm)

satisfies (PNp), and the function

2(1 4 x2)

21,22) ERZ b 520
(@1, 22) a2+ (14 32)?

that satisfies (BO), is the xi-derivative of the first one. It is clear that the latter function is also
the x1-derivative of the function

(x1,22) € @ — 2arctan (1 f_lm) + Azg,

that satisfies (PN)). This is a motivation for setting u = 8 f in R, where u is a solution of (BO).
On the one hand, using (BO), ou = u — u? = u(l —u) on R x {0}. On the other hand,
using (PN, ),

82u = 821f = (91(an — /\) = 81(— sin f) = —81f COSf = —UCOSf

on R x {0}. Hence, u(l + cosf —u) = 0 on R x {0} and this identity motivates the
relation u = 1 + cos f on R x {0} (in particular since (BO) has nontrivial solutions, see [43]
or Theorem 1.3.5 below). Moreover,

O1u=01(l+cosf)=—01fsinf=01f(02f —\)

on R x {0}. By harmonicity and boundedness, we can extend this equality to R% using the
Phragmén-Lindelof principle [41, Theorem 2.3.2]. We observe that u = 9; f and d1u = 01 f (D2 f — )
in Rgﬂ so that dju = %wf)\ where

wy =011 f +01f(O2f — N).

Hence, the idea of Theorem 1.3.4 consists in setting wy x as above, and re-construct u as an
integral of %wf)A with respect to z; such that u satisfies (BO). More precisely, given wy x, we first
introduce a function Wy y that satisfies wy y = 01 Wy z:

1
Wia(z1,x2) = WA (0, 22) +/ wy (s, x2) ds,
0
where W, 1(0,x2) is chosen such that Wp \ is harmonic. Then, we set

1
u(z1,T2) = §Wf,/\(1‘1a332) + Gyal(r2),

where G ) has to be precised. Since Wy, is harmonic and v must be harmonic for satisfying (BO),
then G  must be affine. The above relation and the calculation of Wy x(x1,0) (see (1.66) below
or [43, Section 4]) give

Gfa(0) = u(z,0) — C + %81f(3c1,0) - %cos f(z1,0). (1.62)
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However, as u is expected to satisfy u(x1,0) = 14 cos f(x1,0), we see that G 1(0) is a priori not
constant.

For solving this difficulty, we rely on the odd symmetry of the problem (PN)) (see Re-
mark 1.3.3). More precisely, we consider

1
v(zy,22) = §W—f,—,\(151,332) +G_p_r(x2),

so that O1v = %alw,f,,A = %w,f,,)\. Similarly than u before, v is expected to satisfy the
relation v(z1,0) = 1+cos f(z1,0), so that adding (1.62) and the analogous identity for G_z _»(0),
the terms 91 f(x1,0) cancel and we get:

Gya(0) +G_y,-x(0) = C + cos f(x1,0) + cos f(x1,0) — cos f(x1,0).

from wu(z1,0) from v(z1,0)

In order to cancel the cosines completely, we replace the functions u and v defined above by their
half, so that the sum u(x1,0)+v(x1,0) is expected to be equal to 1+cos f(z1,0). This replacements
do not change harmonicity or boundedness, and it justifies the expected relations (1.63), (1.64)
and (1.65) below.

Theorem 1.3.4. Let A € R and f be a solution of (PNy). Then there exist two solutions u and v
of (BO) such that

u—v=0f inR3, (1.63)
u+dw=0f(df—N inRZ, (1.64)

and
u(zy,0) + v(zr1,0) =14 cos f(x1,0) Vz; € R. (1.65)

Proof. Let A € R and f: @ — R be a solution of (PNy).
Step 1: The function wy x: RL — R, defined as

wy =01 f+01f(Oaf = N),
is harmonic in Ri and satisfies

wﬁ)\(:cl,O) = [81 (61f(x1,a:2) 4+ cos f($1,$2))]|z2:0 Vr, € R,

82wf,,\(x170) = —%61 ((81f(x1,x2) + cos f(l‘l,xg))2):| Va, € R,

o =0
and

—O01wy ) = 022 (O1f — Af) + D22 fOof — O12fOrf  inR3.

For the proofs of the harmonicity and of the three identities above, that are elementary calculations,
we refer to Toland [43, Section 4].
Step 2: The function Wy y: Rf_ — R, defined as

Lo[tee
Wf’)\(l'hl‘g) = alf(O, CEQ) — 5/ ((agf(o,t) — )\)2 — 61f(07t)2) dt

T2

z1
+/ wy (s, z2) ds,
0

for every (x1,22) € RZ | is harmonic and bounded in R2 and satisfies
Yy T T

Wia(z1,0) = Ay + 01 f(x1,0) 4+ cos f(x1,0) Vzp € R, (1.66)
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and

82Wf7,\($1,0) = (1+Wf7,\(l‘1,0) —A)\) (1 —Wf))\(xl,O)—l-A,\) Vri € R, (1.67)

DN | =

where

1 [t
Ay = —cos f(0,0) — 5/0 ((agf(O,t) - /\)2 - 81f(0,t)2) dt.

Once again, we refer to Toland [43, Section 4] for the proofs of this properties of Wy, using Step 1.
Step 3: Let u: R — R be defined as

w(@y,x2) = = (1 4+ Wyra(z1,22) — Ar),

N =

for every (z1,xz9) € @ By Step 2, u is harmonic and bounded in Rﬁ_, and of class C! in @
Using (1.67), for every z; € R,

1
32U(:L'1, 0) = iaQvaA(IL'h O)

_ 3(1 Wi (e, 22) — A)(1 = Wy (@, 22) + Ay
= u(xla O)(l - u(1‘1, O))v

so that u is a solution of (BO).
Let v: RZ — R be defined as

1
v(xy,22) = 3 I+ W_s _a(z1,22) —A_y),

for every (x1,x9) € @ Similarly than before, v is harmonic and bounded in Ri, of class C!
in R? and satisfies (BO).

For every x1 € R, using (1.66),
1 1
u(x1,0) + v(z1,0) =1+ §(Wf’>‘(m170) — Ay + i(W,fy,A(xl,O) —A_y)
1+ cos f(1,0),

which shows (1.65). Using (1.66) again, for every z; € R,

u(z1,0) — v(x1,0) = %(Wf,A(xl,O) — A)) (W_s _a(x1,0) — A_y) = 01 f(21,0).

1
2
Since (21, x2) — f(x1,22) — AT is harmonic and bounded in R? | as a solution of (PN}), then 9, f
is bounded (see [19, Theorem 2.10]). Hence, v — v and 9, f are both bounded harmonic functions

which coincide on Rx {0} = 9(R? )\ {oo}. By the Phragmén-Lindeldf principle [41, Theorem 2.3.2],
the functions u — v and 9y f coincide in Ri. This proves (1.63). Finally, in Ri,

1 1
Ohu+ dv = B (LW +0W_j_y) = 5 (W +w_y ) =01f(Oaf — ),
which gives (1.64). ]
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We now quote two statements from [5].
Theorem 1.3.5. Solutions of (BO) m@ are:

— the constant function ug =0,

- for a € [1,2), the functions

20Fa (1’2)
cos?(oxy) + Ly (w2)2 sin?(oxy)

U (1, 22) (1.68)

where

1 ~ + tanh(cxs) a
= JaZ—a), T(ny)=Ltamors) = o > 1.69
773 (2 -a), (w2) 1+ vytanh(oxs) wmea= o (1.69)

which are non-constant periodic functions of the variable x1, and every translation of us in
the x1-direction,

— the function
2(1 + x2)
2? + (1+22)?

which is non-constant and non-periodic in x1, and every translation of us in the x1-direction.

ug: (21, T2) — (1.70)

Remark 1.3.6. The solution wu, given at (1.68) is not well-defined for o« = 2, because in this
case 0 = 0. However, (uq)ae[1,2) converges pointwise to uz when a — 2.

Proposition 1.3.7. Solutions of (BO) have the following properties:

i) For every a € [1,2],

Uy > 0. (Plpo)
it) For a € (1,2), for every x4 > 0,
U (-, T2) 18 g—pem’odic and u4(0,0) = a = max Ug (-, T2). (P2po)
iii) For every a € (1,2],
01ua (- 0)% = ala — 2)ua (-, 0) + 2un (-, 0)® — ug(-,0)* in R. (P3po)
iv) For every a € (1,2],
sup ua(+,0) + i%f Ug(+,0) = 2. (P4po)

Finding solutions of (PN)).

We now prove Theorem 1.1.8 by using Theorem 1.3.4, Theorem 1.3.5 and the properties of the
solutions of (BO) given in Proposition 1.3.7.

Let A € R and f be a solution of (PNy). By Theorem 1.3.4, there exist two solutions u and v
of (BO) that are related to f. Since solutions of (BO) are entirely known thanks to Theorem 1.3.5,
we proceed by testing all possible cases. Each case consists in choosing v (the possible choices
being ug, u1, uz and us, with a € (1,2), from Theorem 1.3.5), and then testing each choice for u
(if needed). For each case, we will obtain either a candidate function f to be a solution of (PN)),
or a contradiction, that means that case cannot occur. Note that, because of (1.63), we also have
to consider the candidate functions f obtained by inverting u and v.

We need the following lemmas for the first two cases.
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Lemma 1.3.8. For every a € {0} U[1,2], us(+,0) is integrable on R if and only if o € {0,2}.

Proof. Tt suffices to prove that ug(-,0) and ua(+,0) are integrable on R and that the other options
for us(-,0) are not integrable on R. Since up = 0 and u; = 1, it is clear that ug(+,0) is integrable
on R and u(+,0) is not integrable on R. For every 1 € R,

2

0)= 75—,

u2 (l‘l ) J)% n 1
thus wua(+,0) is clearly integrable on R. For every a € (1,2), for every z; € R,

207y 207
—3 > 39
cos?(oxy) +v%sin(oxzy) ~ 147

U (21,0) =

thus uq(+,0) is not integrable on R. O

Lemma 1.3.9. For every a € (1,2) and x2 > 0,

/o
/ Ue (21, 22) day = 27. (1.71)
0

Proof. Let o € (1,2) and z2 > 0 be fixed. By change of variable and by the dominated convergence
theorem,

w/o T—e o
/ Uq (21, 2) dzy = lim o(22) — dz;.
0 e=0 J,  cos?(x1) + Ty(x2)?sin®(xq)

Moreover, T, (22) > 0 by (1.69), and for every € > 0,

T—¢€ 2Fo¢ T—¢€ ;z T
/ (1’2) ) dl’l = —2/ 79 : 2( 1) 3 dxl
R cos?(zq) + Ty (z2)? sin®(z1) R 14 goz, (1)

cot(x1)
Ta (1"2)

where gq 2, (1) = , hence

=_9 {arctan (Cortszx;;)) — arctan <1::ZE(;))H .

Taking the limits when € — 0, we get

w/o
/ U (z1, 2) da = 2.
0

We come back to the proof of Theorem 1.1.8.
Case 1: v = uyg.

By (1.63), 01 f = u in Ri. Note that this equality extends to @ by continuity of 0 f and wv.
— Subcase 1: u = ug.

Then 01 f =0 in @ and by (1.65), cos f(-,0) = —1 in R, i.e. there exists an integer n € Z such
that f(-,0) = (2n+1)w in R. Since (z1, x2) — f(z1,22) — Az and (z1, 22) — (2n+1)7 are bounded
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harmonic functions in R which coincide on R x {0} = 9(R%) \ {oo}, they coincide in @y the

Phragmén-Lindelof principle [41, Theorem 2.3.2]. As a consequence, for every (x1,z2) € R%r,
flxr,22) = 2n 4+ 1) + Axo.

— Subcase 2: u = u;.

Then 01 f =1 in @, so that f(-,2z2) is not bounded in R for every xo > 0. This contradicts the
fact that, for every fixed xo > 0, f(-,z2) = (f(-,z2) — Az2) + Az is a bounded function since f is
a solution of (PN,). Hence, the configuration (u,v) = (u1,ug) is not possible.

— Subcase 3: u = us.

Up to a translation with respect to the variable z1, we assume that for every z; € R,

O f(x1,0) = ,
1f(@1,0) 2 +1

using (1.70) in Theorem 1.3.5, from which it follows
f(z1,0) = f(0,0) + 2arctan(xy).
Furthermore, by (1.65), we have cos f(0,0) = u2(0,0)—1 = 1 and thus, there exists an integer n € Z

such that f(0,0) = 2nw. Since (x1,x2) — f(x1,22) — Ax2 and (z1,22) — 2n7 + 2arctan (1_%2)

are bounded harmonic functions in R% which coincide on R x {0} = 9(R2) \ {oo}, they coincide

in @ by the Phragmén-Lindel6f principle. As a consequence, for every (z1,z2) € R?,

f(z1,22) = 2nm 4 2arctan (1 ilm) + Aza.

— Subcase 4: u = u, with « € (1,2).

Then u > 0 by (P1po) and, since u = 9, f and f is bounded on R x {0}, u is integrable on R x {0}.
This is a contradiction with Lemma 1.3.8, thus the configuration (u,v) = (uq,up) with a € (1,2)
is not possible.

Case 2: v = u;.

By (1.63), 01f =u— 1 in R?. Note that this equality extends to @ by continuity of 9; f and wu.
— Subcase 1: u = ug.
Then 01 f = —1 in @, and we get a contradiction as in the Subcase 2 of Case 1. Hence, the
configuration (u,v) = (ug,u1) is not possible.
— Subcase 2: u = u;.
Then 0;f = 0 in @ and by (1.65), cos f(-,0) = 1 in R, i.e. there exists an integer n € Z such
that f(-,0) = 2nm in R. Proceeding as in the Subcase 1 of Case 1, we get, for every (21,22) € R2,

flz1,22) = 2n7 4+ Ao,

— Subcase 3: u = us.

Then v > 0 by (Plpo) and, since v = 91 f + 1 and f is bounded on R x {0}, u is not integrable
on R x {0}. This is a contradiction with Lemma 1.3.8, thus the configuration (u,v) = (ug,u1) is
not possible.
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— Subcase 4: u = u, with a € (1,2).
Let o be given at (1.69). Since u =01 f + 1 in @, we have

Nr/o N7/o
/ u(zy,r2) dy :/ (O1f(z1,22) + 1) day
0 0
Nt Nm
= f (7$2> - f(oaxQ) + —
o o
for every 2 > 0 and N € N*. By Lemma 1.3.9 and since u,, is Z-periodic in x; by (P2po), we get

/o N N
2N = N/ u(zy,x2) dey = f <U7Ta$2) — f(0,22) + TWv
0

o — g - % Kf (]\:T@) - )\xg) — (f(0,z2) — m)}

for every 9 > 0 and N € N*. But f(-,z2) — Az is bounded for every x5 > 0 so that, letting N
tend to 400, we get

ie.

2 = —
o

that is to say o = 1, thanks to (1.69). This is a contradiction, since we assumed « € (1,2). Hence,
the configuration (u,v) = (uq,u1) with o € (1,2) is not possible.

Case 3: v = uy (or a translation of uy in the variable ).

Up to a translation with respect to the variable z;, we assume that for every z; € R,

2
+1

v(z1,0) =

=N

x
using (1.70) in Theorem 1.3.5. We clearly have u(0,0) = 2. By (1.65), we have
u(-,0) =1+ cos f(-,0) —v(-,0) <2 —wv(-,0) inR.

In particular, u(0,0) < 0 and then, by (Plgo), we necessarily have u = ug. By (1.63) and using
the odd symmetry of the problem (PN},) as explained in Remark 1.3.3, we can proceed similarly

to the Subcase 3 of Case 1. We get, for every (x1,z2) € @,

f(z1,22) = 2nm — 2arctan <1 —1;1332) + Axo.

Case 4: v = u, (or a translation of u, in the variable x;) with « € (1,2).
Let o € (1,2). Up to a translation with respect to the variable 1, we assume that

20Fa(x2)
cos?(ox1) + Lo(z2)2 sin(or)

v(r1,22) =

for every (x1,z2) € R2, using (1.68) in Theorem 1.3.5. By (1.63) and using the odd symme-
try of the problem (PN,) as explained in Remark 1.3.3, we can exclude the three configura-
tions (ug, Ua), (U1, Uq) and (ug,us). Indeed, we can proceed similarly to the Subcase 4 of Case 1
(for u = ug), the Subcase 4 of Case 2 (for u = u;) and the Case 3 (for u = uz). Hence, it remains
to consider the case u = u, for some o’ € (1,2).
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Lemma 1.3.10. There exists xg € R such that O1v(xg,0) # 0 and
v(zo — 21,0) = u(zo + 21,0) (1.72)
for every x; € R.

Lemma 1.3.11. Let zp € R be given by Lemma 1.3.10. Then there exists a unique mai-
mizer xpr € R of v(-,0) that is closest to xo. Moreover, we have

T
_ - 1.
|LL‘0 l‘M| do ( 73)
and
cos f(zar,0) = 1. (1.74)

We refer to Toland [43] — equations (5.9) to (5.13) — for the proofs of both lemmas.

Let 29 € R be given by Lemma 1.3.10. By Lemma 1.3.11, there exists a unique maximizer

of u(-,0) such that the distance between zo and xps is 7-. This gives us two configurations:

either zp; < g or xpr > xg. Using the translation invariance of v(-,0), we can reduce this two
subcases to:

™

— Subcase 1: xp7 = 0 and 29 = -,

— Subcase 2: xp; = 0 and 29 = — .

From now on, we assume xj; = 0 and we keep the notation zg (with zg = +7-). By (1.63)
and (1.72), for every z; € R,

O f(xo + 21,0) = u(zo + 21,0) — v(T0 + 71,0) = V(20 — 71,0) — v(wo + 71,0),
i.e., after a change of variable,
01f(x1,0) = v(2xo — x1,0) — v(x1,0). (1.75)
As zpr = 0, we deduce that, for every x7 € R,
z1
f(z1,0) = f(zm,0) + O f(s,0)ds
M
z1
= f(0,0) +/ (v(2x9 — 5,0) —v(s,0)) ds.
0
By (1.74), there exists n € Z such that f(0,0) = 2nm, so that

f(x1,0) = 2nmw + /0331 (v(2z9 — 5,0) —v(s,0))ds

for every z; € R. Hence, the function (x1,x2) +— f(x1,22) — Axg — 2n7 is harmonic and
bounded in R3 — as solution of (PNy) because sin(2nm) = 0 and cos(2nm) = 1 — and its value
on O(R3) \ {oo} =R x {0} is

x1
/ (v(2x9 — 5,0) —v(s,0)) ds
0
for every z; € R. In order to extend the above function to @, we cite [43, Equation (5.16)]:
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Lemma 1.3.12. Assume xo = £5-. The function g: Ri — R defined as

g(x1,29) = /Oxl (v(2xg — 8,22) —v (8, 22))ds (1.76)

is harmonic and bounded.

The functions g defined in Lemma 1.3.12 and (21, 22) — f(x1,22) — Axa — 2n7 are bounded

harmonic functions in R2 which coincide on R x {0} = 9(R3) \ {0}. By the Phragmén-Lindelof

principe, they coincide in R% and thus, for every (z;,z2) € RZ,

@
flz1,x0) = 2m‘r+/ (v(2xg — 8,x2) — v(s,x2)) ds + Azxa.
0

We now compute the integral explicitely in order to show that f has the expression given at (1.24)
in Theorem 1.1.8.

Lemma 1.3.13. Assume x¢ = £4-. For every x1 € R\ ( gZ) and xo > 0,

/xl (v(2zg — 8,2) — v(s,22))ds
0

=2 [arctan (m) —arctan (I'y (z2) tan(oz1))

Proof. Let zg > 0 be fixed. By (1.69), we have I'y(z2) > 0. For every z1 € (—5=, 2=),

207 20

/wl (v(2xg — s, x2) — v(s,x2)) ds
0

_ /ml 201, (x2)
0 cos? (£Z — os) + Ty (22)?sin? (£% — o)
201—‘a($2) ) ds

 cos2(0s) + [y (22)? sin2(0s)

M 20T, (x2) B 20T, (x2) .
N /0 (sinQ(crs) + To(z2)2cos2(os)  cos?(os) + [y (x2)? Sin2(as)> d

x1 - o ola(z2)
_ 2/ To(w2)cos?(os) cos?(os) ds
0 1+ (tan(as)>2 1+ (Fa (1’2) tan(as))2
Ta (x2)
tan(owy)
= 2arctan | ———= | — 2arctan (['y (x2) tan(ox1)) .
N ($2)
By Z-periodicity of v(-, x2), we extend this equalities to every z; € R\ (% + gZ) O

Remark 1.3.14. The function

tan(oxy)

) — arctan [ ———2
(z1,22) > arc an( T (z2)

) — arctan (T (z2) tan(ox1)) ,

defined for every z; € R\ (% ’TZ) and zo > 0, extends smoothly to R2 by taking the value zero

when z; € g + ZZ. In the following, we thus assume the above expression to be defined in R2 o
keeping in mind that it is zero when tan(dz1) is not well defined.
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Remark 1.3.15. Inverting the roles of u and v, i.e. choosing firstly v and secondly v, we get the same
candidates f in the first three cases. In Case 4, we only get a sign change in the relation (1.75).
Hence, the function f defined as

tan(ox)

f(z1,22) = 2nm — 2 [arctan (Fa(xg)

) — arctan (I (z2) tan(oz1)) | + Aze,

for every (xz1,22) € @, is also a candidate to be a solution of (PN}).

We summarize the possible configurations (u,v) in the following table, with the possible ex-
pressions for f.

(u,v) fxy,22)

(up,up) | 2n+ 1)m + Axo

(ug,uz2) | 2nm + 2arctan (111@) + Az

(u1,u1) | 2nm + Axo

(uz, uo) 2nm — 2 arctan (13;;2) + A\Zo

(U, V) | 20 £ 2 {arctan (t?i(éﬁﬁ)) — arctan (I'g (22) tan(ox1)) | + Azo

Remark 1.3.16. Note that (z1,z2) € @ — f(z1,22) — Az2 takes values in an interval of length
less than 2.

Now it remains to check if all possible functions f in the above table are solutions of (PNy).
Let us recall e
f e C=(B2) n O} ED),
(z1,22) = f(x1,22) — Azo is bounded in R%, PN
Af =0inRZ, (PN))
Oof —A+sinf=0on R x {0}.
For any n € Z, the functions (x1,z2) — (2n + 1)m + Aze and (x1,22) — 2nm + Axg are clearly
solutions of (PN}), in particular because sin(kw) = 0 for every k € Z. For any n € Z, the functions

fE: (1, 22) GEH 2n7ri2arctan( 1 ) + Az
1+ZL’2

are harmonic in Ri, of class C! in @ and the functions
(l‘l, 1‘2) S @ — fi(l‘l,l‘g) — ATo

are bounded. Moreover, for every x1 € R, 9o f*(x1,0) — A +sin f*(x;,0) = 0. This shows that the
functions f* are solutions of (PNy). To finish with, for a € (1,2) and n € Z fixed, we consider

the function f: ﬁ — R defined as

tan(oxy)

+
=2nm £ 2 t —_—
fi(zy,x0) = 2nm [arc an ( e

) —arctan (I'y (z2) tan(oxq)) | + Az

which is harmonic in Ri and of class C' in @ by Lemmas 1.3.12 and 1.3.13. Moreover, the
function (z1,z2) € Ri + fE(x1,29) — Azo is bounded. It remains to show that, for every z; € R,

(‘32ff(x1,0) — /\—i—sinfai(xl,O) =0.
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First, we compute sin f,(-,0). For every x; € R,

fE(x1,0) = 2nm £2 (arctan (’1y tan(oxl)) — arctan (vy tan(axl)))

since I',,(0) = ~, and using trigonometric relations, we get

sin fF(z1,0) = + 1 2tan(ox1)(1 + tan®(ow)) .
fa( 1 ) (7 ,7) (]_-l—,letanQ(o'xl)) (1+’72tan2(0'x1))

On the other hand, computing OsfF(xy,-) for z; fixed, and using the identities I',(0) = 7
and T7,(0) = o(1 — 4?), we get

82f§($1,0) —A=TFo (1 — 72) (1 + 2> an(ox1)(1 + tan“(ox1))

0 (1 + ,%2 tan2(o';p1)) (1 + 42 tan2(ax1))

for every z1 € R. Hence it remains to check that

1—7:au—y%(y+;>.

7y

This is the following computation:

1 1 1 — 0 — o072
0l

Y Y Y
where, using (1.69),

2 2 2
5 o o} 2a0 —40° — « 1 9
—0— - - = T 2 2a—al2—a)— =0.
Yymomoq 20 7 40 4o 40(a o @) a)

It confirms that f is solution of (PNy). The proof of Theorem 1.1.8 is complete.

1.3.3 Proof of Theorem 1.1.9

We now study the link between solutions of (PN, ), given by Theorem 1.1.8, and local minimizers
of Eg in Ri in the sense of De Giorgi. More precisely, we get interested in the behaviour of the
critical points ¢, of Eg near the boundary, in order to show the presence of boundary vortices
(see [33]). To go through this, we expect (x1,22) — @e(21,22) — d2z2 to be nonconstant and
nonperiodic.

Let A € R. From Theorem 1.1.8, we deduce that the only nonconstant and nonperiodic solutions
of (PN)), up to substracting Az, are the functions

(x1,22) € @ — 2nm + 2 arctan (xl + a) + Ao
xTo + 1
where n € Z and a € R. Using (1.60) and (1.61), from the above solutions of (PN}), we obtain

the following corresponding solutions of (1.57) (see the proof of Proposition 1.3.18 below for more
details):

—5 r1 +ea s
(z1,x2) € R% — nm + arctan < ! )

doxy — = 177
ZTg+€ 022 2 ( )

where n € Z and a € R.
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Figure 1.1: Magnetization m = ¥ when ¢ is of the form (1.77) withn =1, £ = — a =0, = 1/2
and dy = —1/10.

This type of solutions is particularly relevant, because it illustrates a boundary vortex for the
domain RZ at the point (0,0) when taking the limits when ¢ — 0 (at scale £, the vortex point
is the point of coordinates (—ea, —¢)). Indeed, assuming for a while that £ and do are negligible,
we can test some combinations of (n,+). The case (n,+) = (1,—) gives a boundary vortex of
degree +1/2 (see [7], [33] or [24] for more information on the degree of S'-valued maps), and the
magnetization m = e*? seems like escaping from the point of coordinates (—ca, —¢) and behaves
like € (see Figure 1.1). The case (n,+) = (0, +) gives a boundary vortex of degree —1/2, and the
magnetization m = €' seems like converging to the point of coordinates (—ca, —¢) and behaves
like e=%. Figure 1.2 shows the influence of & in the interior of the domain.

The rest of this section is devoted to prove Theorem 1.1.9, i.e. we show that under the con-
ditions (1.27), the local minimizers ¢, of E? in R? in the sense of De Giorgi are the functions
in (1.77) that correspond to the case (n,+) = (1, —), which is the case of a boundary vortex of
degree +1/2.

To begin with, we show in Proposition 1.3.18 that any local minimizer of Eg in Rﬁ_ in the sense
of De Giorgi with conditions (1.27) must be of the expected form (1.26). Conversely, for proving
that functions of the form (1.26) are such local minimizers, we introduce the following definition.

Definition 1.3.17. A function 1 is a layer function associated to E? in the sense of Cabré and
Sola-Morales if it satisfies

Ay 0 in Ri,

DYy = £sin(2¢)+3d2  on R x {0},

and for every x; € R,

NY(x1,0) <0, lim (x1,0)=0and lim (x1,0) =

T1——+00 T1——00

These layer functions were studied by Cabré and Sola-Morales in [10]. In that paper, properties
in dimension two are given on the half plane (0, +-00) x R, while we consider here R? = R x (0, +00).
The correspondence between a layer function ¢ in Definition 1.3.17 and a layer function w in [10]
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Figure 1.2: Magnetization m = ¥ when ¢ is of the form (1.77) withn =1, £ = — a =0, = 1/2
and dy = —1/2.

is given by the relation

blarws) = 5 (1—u(—2,21))

for any (z1,22) € R2. In [10, Lemma 3.1], Cabré and Sola-Morales prove that, if 7 > 0 and ¢ is a
layer function associated to E?, then 1) is the unique weak solution of the problem

Ap=0 in B;f,

Do = 5-sin(2¢) + d2 on (—r,r) x {0}, (1.78)
0 < (w1, 22) — dowg < for every (z1,22) € B, ’
=1 on OB} NR%.

The method for proving this uniqueness property is the sliding method. This property will allow
us to show that functions ¢. given at (1.26) are local minimizers of E? in R? in the sense of
De Giorgi that satisfy (1.27). Our strategy of proof is the following: let ¢. be given at (1.26).
Given r > 0 and a minimizer . of EX(-; B,) such that ¢. = ¢. on B;” NRZ, we will prove in
Proposition 1.3.19 that there exists a minimizer 3. of E2(-; B,) that satisfies (1.78) with ¢ = ¢,
and ¢ = @.. In Proposition 1.3.20, we show that . is a layer function associated to E? in the
sense of Cabré and Sola-Morales. Hence by [10, Lemma 3.1], it follows that ¢. = @, is a minimizer
of EX(:; B,) with the boundary condition ¢. on dB;" N"R%. We finally conclude since r > 0 is

arbitrary.

Proposition 1.3.18. Let ¢, € ngc(@) be a local minimizer of E° in Ri in the sense of De

Giorgi such that (1.27) is satisfied, i.e.

lim . (x1,0) =0, limioo ve(x1,0) =7 and [(z1,22) — @ (1, 22) — d222] € L“(Ri).

1 —+0o0 xr1—

Then
xr1 +e€a

XTo + €

(1, m0) = g — arctan ( ) + o129

for some a € R.
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Proof. By Proposition 1.3.2, . € C* (@) and satisfies (1.57). Set
@e: (T1,T2) € @ — 20 (exq, ex0) + T,
as in (1.60). Then ¢, satisfies (1.61), i.e.

Age
a2¢s - >\5 + Sin(¢s)

with A\. = 2ed,. Moreover ¢. € Cw(@) and (z1,22) — ¢ (1,22) — Aex2 is bounded in Ri,
because

0 inRi,
0 onRx{0},

D (21,22) — Aea = 2pc(ex1,ex2) + T — 2e00x0 = 2 (e (ex1,Ex2) — dagxa) +

€L>=(R%)

for every (z1,22) € R%. It follows that ¢. satisfies (PN, ). By Theorem 1.1.8, ¢. must be one of
the three following types of functions:

— Firstly, the functions (z1,22) — nm + Acze for some n € Z. However, on the bound-
ary line R x {0}, these functions are constant (equal to nr). Hence, the boundary condi-
tions limy, 400 @e(21,0) = 0 and limy, o @-(21,0) = 7 cannot be satisfied, and ¢, is not
of this first form.

— Secondly, the zi-periodic functions given at (1.24). However, the boundary conditions
lim,, 400 0e(21,0) = 0 and limg, oo @ (21,0) = 7 are not compatible with the periodicity
in the variable x1. Thus ¢. is not of this second form.

— Thirdly, the functions

1+ a
1’2+1

(z1,22) — 2nm £ 2arctan ( > + A2

for some n € Z and a € R. Coming back to ¢. instead of ¢., we get, for every (x1,x3) € @,

20 (exy,ex9) + 7 = 2nw + 2arctan (xl + a> + 2edx2,
xo+1
ie.
we(T1,T2) = nmw + arctan (xl + Ea) + dox9 — T
i) 2
Since limg, 4 o0 @ (21,0) = 0, we deduce that nt+ 7 — 5 = 0. It follows that the pair (n, &)
is either (1, —) or (0,+). As limg, o @ (21,22) = 7, We also have nt + § — § = 7, hence

the only possible pair (n,+) is (1, —). As a consequence, for every (z1,22) € @,

T +ea

Xo + €

ve(x1,m0) = g — arctan ( ) + doo.

O

Proposition 1.3.19. Letr > 0 and ¢, be given at (1.26). Let @, be a minimizer of E°(+; B,.) such
that @ = ¢. on OB;F NR2. Then there exists a minimizer $. of ES(:; B,) that satisfies . = .
on OB N Ri and 0 < Pe(x1,22) — doxo < 7 for every (x1,x2) € ByF.
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Proof. We define @, in Bi,'f as follows:

Qe(r, ) — 02wy if 0 < @ (1, 72) — doxp <
Pe(1,22) = 6222+ 0 if @c(x1,22) — daxo <0, (1.79)

T if @c(x1,22) — doxo > .

It is obvious that 0 < P (z1,z2) — doxa < 7 in 37;r Moreover, on 9B N Ri,
Qe (w1, 2) — O22 = (21, 22) — Sz € [0, 7],

thus @ (21, 22) = 022 + (1, 22) — d222 = Qe(1,22) =
minimizer of E2(-; B,.), it suffices to show that E°(.; B,) <
r,

For the boundary integral on B, N (R x {0}) = (—
segment, g, is equal either to ., or to 0, or to 7. Thus sin

/ sin? @, dH! < / sin? @, dH*.
(=rr)x{0} (=rr)x{0}

For the interior integral, we note that

/B (ve-P -2 va) de

= /B+ (|31%/55|2 - 26131@5) dz + /B+ 1020 — 85> da — 62 |B|.

(xl,xg). For proving that ¢, is a
s
15

X {O} we note that on this line

Pe
E
r)
25, <sin? ., and

On the one hand, using (1.79), we have

|8 -~ | _ |31<58| if 0 < ‘Pa(xlax2) doxo < ,
1P = 0 elsewhere,

thus |013.] < [01@:| in B, and [+ [0:13:|° da < [+ [0:1@:|” dz. Moreover,

/ 015, dx :/ Pery dH! :/ vy dH? :/ Pery dH! = / 01p. du,
B B NR2 dB; NR2 OB NR2 B

using that 1 = 0 on B, N (R x {0}). On the other hand, using (1.79),

~ o 102 = 02| if 0 < @o(w1, 22) — d2w <
|02e — &2 = { 0 elsewhere,

thus |920: — d2| < |02 — d2| in B;F, and [+ (020 — (52\2dx < [p+ 020 — 62|2 dz. Combining

the above inequalities comparing the boundary and interior parts of E%(@.; B,) and E%(3.; B,),
we deduce that E2(@.; B,) < E2(@.; B,). O

Proposition 1.3.20. Let . be given at (1.26), i.e

xr1 +ea
xo + €

we: (x1,29) € @ — g — arctan ( ) + Joxo

for some a € R. Then ¢. is a layer function associated to E? in the sense of Cabré and Sola-
Morales.
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Proof. Tt is clear that ¢, € C™ (@) and is a harmonic function in R2. The boundary condition

1
O20:(21,0) = % sin(2pc(z1,0)) + 62

for every z1 € R follows from a standard calculation. Moreover, for every xz; € R,

—&

Heln ) = G a2

<0,

and we also have limg, 1 o0 @e(21,0) = § — § =0 and limg, o0 9c(21,0) = § — (—g) =7. O

Proof of Theorem 1.1.9. Let ¢. € HL_(R%) be a local minimizer of E? in R2 in the sense of De
Giorgi that satisfies (1.27). By Proposition 1.3.18, ¢ is of the form (1.26).

It remains to check that functions ¢. of the form (1.26) are local minimizers of E? in R? in the
sense of De Giorgi that satisfy (1.27). Let ¢, be given at (1.26). Then conditions (1.27) are directly
satisfied and by Proposition 1.3.20, . is a layer function associated to E? in the sense of Cabré
and Sola-Morales. Let » > 0. By the direct method in the calculus of variations, Eg(~; B,) admits
a minimizer ¢, € H;(B;") such that ¢. = ¢. on B, NR%. By Proposition 1.3.19, there exists
a minimizer @. of EJ(-; B,) such that . = . on OB} N Ri and 0 < @.(x1,x2) — dozy < m for

every (r1,z2) € B;7. Moreover,

Ap. = 0 in B,
O = ésin 20. + 92 on (—r,r) x {0}.

similarly than in Proposition 1.3.2. It follows that (1.78) is satisfied with ¥ = ¢, and ¢ = @..
By [10, Lemma 3.1], ¢. = @, thus ¢. is a minimizer of E°(-; B,.) with the boundary condition ¢,
on OB N R%r. This fact being true for every r > 0, ¢, is a local minimizer of E? in Ri in the
sense of De Giorgi. O

Remark 1.3.21. In dimension greater than two, solving (PNy) and finding local minimizers of E?
in the sense of De Giorgi is more difficult because there is no classification as for the Benjamin-
Ono problem. In the case where § = 0, Cabré and Sola-Morales [10] introduce the notion of layer
solution of (PNg) (or similar problems with a different nonlinearity instead of sin) and show that
a layer solution of (PNy) is a local minimizer of E? in the sense of De Giorgi in any dimension.
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Chapter 2

Gamma-convergence of the micromagnetic energy in a
thin-film regime for boundary vortices and renormalized
energy between boundary vortices

We consider the three-dimensional micromagnetic model with Dzyaloshinskii-Moriya interaction
in a thin-film regime for boundary vortices. We reduce the three-dimensional model to a two-
dimensional model in the considered regime, and prove the Gamma-convergence of the reduced
model by computing an asymptotic expansion of the micromagnetic energy at the second order.
We study the existence of minimizers and compute explicitely the renormalized energy, that rep-
resents the interaction between boundary vortices, involved at the second order of the asymptotic
expansion. Finally, we prove the Gamma-convergence for the three-dimensional model and de-
duce the concentration of the energy around boundary vortices. This chapter is based on results
of Ignat-Kurzke [24], [25] that do not take in account the Dzyaloshinskii-Moriya interaction, and

Abstract

contains some statements to appear in [27].
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2.1 Introduction

We begin this chapter with recalling the frame of the theory of micromagnetics, already mentioned
in the introduction of Chapter 1.

2.1.1 The general three-dimensional model and a nondimensionalization
in length

We consider a ferromagnetic sample of cylindrical shape
Qf =Qf x (0,t) C R3,

where Qf C R? is a bounded, simply connected and C*! smooth domain of typical length ¢ (for
example, Q¢ can be assumed to be an open disk of diameter /).
The magnetization m is a unitary three-dimensional vector field

m: Qf — S?,

where S? is the unit sphere in R3. The constraint |m| = 1 yields the non-convexity of the problem.
We consider the micromagnetic energy E(m) given at (1.3) in the case ® = 0 and Hext = 0, i.e.

E(m):AQ/ |Vm|2d:c+/ D:Vm/\mdx—i—/ IVul? da. (2.1)
ol o R

The first term in the micromagnetic energy is the exchange energy, generated by small-distance
interactions in the sample. It involves the exchange length A > 0 that is an intrinsic parame-
ter of the ferromagnetic material, typically of the order of nanometers. The second term is the
Dzyaloshinskii-Moriya interaction. This interaction was introduced in the 1950s [17] to describe
the magnetization in some materials with few symmetry properties. We assume here that the
Dzyaloshinskii-Moriya interaction density in three dimensions is defined as

3
D:Vm/\m:ZDj-ajm/\m, (2.2)

Jj=1

where D = (Dy, Dy, D3) € R3*3 . denotes the inner product in R?, and A denotes the cross product
in R3. The third term is called magnetostatic or demagnetizing energy. This energy is generated by
the large-distance interactions in the sample. It is in fact the energy generated by the magnetic field
induced by magnetization. More precisely, the demagnetizing potential u € H'(R?, R) satisfies

Au = div(mlge) in the distributional sense in R3, (2.3)

where Toe(z) =1if w € QY and Loe(x) = 0 elsewhere. For more details about the components of
the micromagnetic energy, especially physical interpretations, we refer to [1], [20] or [17].

The multiscale aspect of the micromagnetic energy (2.1) is obvious. Indeed, beside the tensor D,
three length paramaters of the ferromagnetic device interact together: the exchange length A, the
planar diameter ¢ and the thickness ¢ of the sample. From these parameters, we introduce the
dimensionless parameters

h:% and n:%.

By letting h tend to zero, the relative thickness of the ferromagnetic device tends to zero: it is
a thin-film limit. The consequences concerning the magnetization and the micromagnetic energy
depend on the relations between h and 7, i.e. on the thin-film asymptotic regime.
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In order to study the micromagnetic energy in a thin-film regime, it is convenient to nondimen-
sionalize it in length ; in particular, we get from the three length parameters A, £ and ¢ only two
dimensionless parameters h and 7 defined above. We set

=Qx (0,h) C R,

where ) = QTf C R? is a bounded, simply connected and C*'! smooth domain of typical length 1
(for example, € can be assumed to be the unit disk in R?). To each x = (x1,z2,23) € ,
we associate T = 7 € Q; and we set D = %D. We also consider the maps mp: Q) — S?
and uy, : R? — R such that, for every T = 7 € Qp,

(@) = m(@), (@) = gulo)

that satisfy
Auy, = div(mylg,) in the distributional sense in R3. (2.4)

The micromagnetic energy (2.1) can then be written in terms of my,:
E(my) = 3 {TP/ |V |2dZ +
Qp

ﬁ :Vmy Amy, d§+/ |Vuh|2d§} . (25)
Qp R3

For simplicity of the notations, we write z instead of Z in the following.

2.1.2 Global Jacobian

Before giving the main results of Chapter 2, we present the notion of global Jacobian introduced
by Ignat and Kurzke [24], [25], that will play a central role in the sequel.

For a two-dimensional map m’ € H!(2,R?) defined in a bounded and C'! smooth do-
main Q C R? we call global Jacobian of m’ the linear operator J(m'): W1>°(Q) — R defined
as

<J(m'),<> _ _/ m/ A V/m/ . VIJ_C dl‘/,
Q

for every Lipschitz function ¢: Q — R, where m’ AV'm/ = (m’ A dym/,m’ A 9am’) with the usual
notation A, V'+ = (—0s,0;) and (-,-) stands for the algebraic dual pairing between (W1>°(Q))*
and W1°°(Q). In particular, the global Jacobian has zero average, i.e. (J(m'),1) = 0.

On the one hand, considering a test function ¢ € W°°(Q) that vanishes on the boundary 99,
we have, using integration by parts,

)0 = [

V' (m AV'm')¢ da’ = / 2 jac(m')¢ daz’ = (2 jac(m'), (),
Q Q

where jac(m') = det(V'm’) = dym’ A 9am’ € L' (Q) is called the interior Jacobian of m’. Hence,
the global Jacobian carries the topological information in the interior of €2, where it coincides with
twice the interior Jacobian, that detects the interior vortices.

On the other hand, the global Jacobian also carries the topological information at the bound-
ary 0f) and enables us to detect boundary vortices. More precisely, we define the boundary
Jacobian of m/ to be the linear operator Jpa(m’): W1>(Q) — R as

Tpa(m') = T (m") — 2 jac(m').
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The operator Jya(m') acts only on the boundary of 9§ (see [24, Proposition 2.2]). In particular,
if m’ € C?(Q,R?), then for every Lipschitz function ¢: Q — R,

(Foa(m'), ¢) = — /8 ' D)

where 7 = vt = (—uy, 1) is the tangent vector at 9 such that (v,7) forms an oriented frame,

and 0, denotes the derivative along the boundary.

For a S'-valued map m’ given through a smooth lifting ¢ € C?(Q2,R), i.e. m’ = (cos ¢, sin )
in Q, the interior Jacobian jac(m’) vanishes in , so that the whole topological information is
carried by the tangential derivative of ¢ at the boundary, i.e.

jac(m') =0, J(m') = Fpa(m') = —0,0oH'LOQ and (Fpqa(m'),1) = 0.

In the following, we will be led to consider the measure J given by

N
J = —HHlLaQ + ﬂ-zdjll{aj}

Jj=1

supported on the boundary 02 of a bounded, simply connected and C*! regular domain ) C R?,
where & is the curvature on 0, N > 1 and, for every j € {1,..., N}, a; € 0Q are distinct points
and d; € Z \ {0}. The zero-average relation (J, 1) = 0 implies

N
— kdH + 7 d; =0,
/| >4,

j=1

and by the Gauss-Bonnet formula, using that © is simply connected, we have |, g0k dH! = 27.

Hence, the integers dy, ..., dy must satisfy the constraint Ejvzl d; = 2. For more information about
the global Jacobian, we refer to [24, Section 2].

2.1.3 Main results of Chapter 2

In this chapter, we study the micromagnetic energy E(mh) defined at (2.5) in a thin-film regime
that is slightly different than in Chapter 1. More precisely, we consider here the regime

~ ~

D D
h<l, n<l, Tog <e<kl1, n—f’—mél, n—f’—wég,
R R (2.6)
= > Dl <1, > Dl <1,
= =

where §1,6d2 € R, D= (ﬁjk)(j,k)e{l,zg}? € R3*3 and

,,72

“ 7 hllogh|

The parameters n = n(h), ¢ = (h) and D = D(h) are assumed to be functions in h. As a < b < 1
implies a|loga| < bllogb| <« 1, we deduce for a = uTém and b = ¢, that the regime (2.6) implies:

~ ~

log |log h D D
Oﬁ|oi||<<s|logs|<<l, %%251, %%262,
0g n n
L s 27)
= > Dl <1, > Dl < 1.
n j,k=1 et
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For proving Gamma-convergence statements at the second order, we will also consider the regime

~

log |log h 1 D 1
loglogh] o oy D13 5| L =2 926, < ——,

[log A logel” | n log e

1< 1o 1 2
2 ; Dyl < 1, —2; Dsy| < liog ]

which is narrower than (2.7).
We assume that 2 C R? is a bounded, simply connected and C'*! smooth domain. We consider
the three-dimensional rescaled energy

E(mp) E(mp)
& = 2.9
w(ma) = 3hn? [loge|  £3h2|loghle |loge|’ (29)

for maps my,: Qp, = Q x (0,h) — S? with
Auy, = div(mplg,) in the distributional sense in R®.

More precisely, the energy £, (my,) is given by

1 1
Eh(mh) ( /Q ‘th|2 dzx —|— D Vmy Amy, doe + —
h

2
. (21
floge] o o Ji V1 d“") (210)

The energy functional &, has been studied by Ignat and Kurzke [25] when the Dzyaloshinskii-
Moriya interaction is negligible, i.e. D = 0. As their results will be useful in the following, we use
the notation 52 for the functional &, when D = 0, i.e.

1 1 1
E)(my) = |10g£< / |V, |* dx+h 5 |Vuh|2dz>. (2.11)

In contrast with Chapter 1, in which we assumed that ¢ = U T« where « is a positive

h\l
constant (in Section 1.2), we consider here the case where e — 0. Our results are based on the

work of Ignat and Kurzke [24], [25], who studied the energy &) given at (2.11).

2.1.3.1 Two-dimensional model for maps m’: Q C R2 — R?

Following the strategy of Ignat and Kurzke, we first consider a two-dimensional model (see [24])
for maps m’:  C R? — R2. More precisely, given a two-dimensional vector § € R2, we consider
the two-dimensional energy functional

Egm(m') = / \V'm'|2 dz + 2/ §-V'm' Am' dz
. (2.12)
+—/ —|m?) “de+— [ (m! - V)2dH,

2me a0

where V' = (91, 02) and v/ is the outer unit normal vector on 2. Note that we partially recognize
the energy considered in Section 1.3.1 with a boundary penalization, that favors boundary vortices
of the magnetization. Moreover, there is an interior penalization here, similar to the Ginzburg-
Landau model, that comes from m3 (indeed m’ takes values in R? here, and not S'). As this
reduced model combines an interior penalization (as in the classical Ginzburg-Landau model [7])
and a boundary penalization (as in Chapter 1, or Kurzke [32]), topological singularities may be
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located in the interior or at the boundary of the two-dimensional domain. The main point of
the analysis consists in detecting the topological singularities with the global Jacobian introduced
in [24].

We analyze the energy functional Egm in the asymptotic regime

n<l, e<x1, |loge| < [logn]. (2.13)

Note that the thin-film regime of the three-dimensional model (2.6) implies the regime (2.13).
Indeed, the regime (2.6) is equivalent with h < n? < h|logh| < 1 by using the definition of &,
hence [logh| ~ [logn|. It follows from (2.6) that 1 < [logn| and from (2.7) that |loge| < 1,
hence (2.13) is satisfied.

Gamma-convergence of F? "

Our Gamma-convergence statements for Egm are based on the work of Ignat and Kurzke [24],
who studied the energy functional Egyn (i.e. Egm in the case 6 = 0). We begin with showing that,
under the assumption Eg,n = O(|logel), we also have in our regime E?, = O(|logel). This latter
assumption being necessary to apply the main results of Ignat-Kurzke [24], we can thus use their

statements for Egm. In order to obtain similar results for the Gamma-convergence of E°  we

m
then use their strategy for making Egm(m’ ) easier to study. It consists firstly in approximating the
maps m’ by S'-valued maps m’, and secondly in replacing the vector-valued maps m’ by scalar-
valued functions ¢, obtained as liftings of m’. After having proved Gamma-convergence statements

for ¢, we come back to m’ and show the following statements.

Theorem 2.1.1 (Compactness at the boundary and lower bound at the first order). Let Q C R? be
a bounded, simply connected and C'>' smooth domain, and k be the curvature on 0S). Let § € R?,
Assume e — 0 and n = n(e) — 0 in the regime (2.13). Let (m.) be a family in H'(Q, R?) such that

1
lim su E?, (ml) < 4oo0. 2.14
S n(me) (2.14)

Then the following statements hold.

(i) Compactness of global Jacobians and LP(0N))-compactness of m_|sq.
For a subsequence, (J(mL.)) converges to a measure J on the closure Q, in the sense that

lim ( sup [T (ml) —J, C>|> =0. (2.15)
=0\ |\vi¢I<l in Q

Moreover, J is supported on 02 and has the form

N
J=—rH'"OQ+ 7Y dila (2.16)
j=1
for N > 1 distinct boundary vortices a; € OS2 carrying the multiplicities d; € Z '\ {0},
forj€{1,..., N}, such that Ejvzl d; = 2.
Moreover, for a subsequence, (m.|aq) converges to e*¥° € BV (9€,S') in LP(0Q,R?), for

every p € [1,+00), where ¢q € BV (9Q,7Z) is a lifting of the tangent field 7 on 99
determined (up to a constant in wZ) by

N
Dy = KHLOO — WZdjll{aj} as measure on Of).

j=1
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(it) Energy lower bound at the first order.
If (T (ml)) satisfies the convergence assumption in (i) as € — 0, then the energy lower bound

at the first order is the total mass of the measure J + kH'LOQ on 0Q:

1 N
lim inf @Egn(m’e) > w; |dj| = |J + kH'LOQ| (09).

In order to get a lower bound at the second order for the energy functional, we introduce the
following renormalized energy, in the spirit of Brezis-Bethuel-Hélein [7]. The renormalized energy
allows us to study the energy functional asymptotically at the second order by eliminating the
first order infinite energy carried in the neighborhood of boundary vortices. In comparison with
Ignat-Kurzke [24], [25], our renormalized energy includes not only the contribution of the Dirichlet
energy, but also the contribution of the Dzyaloshinskii-Moriya interaction energy far away from
vortices.

Definition 2.1.2. Let Q C R? be a bounded, simply connected and C'**! smooth domain, and &
be the curvature on 9Q. Consider po: 9Q — R to be a BV function such that €0 - v/ = 0
in 00\ {a1,...,an}, and

N
Orpo = KHLOO — Wzdjﬂ{aj} as measure on 052,

j=1

with d; € {—1,+1} for every j € {1,..., N} and Z;\f:l d; =2, for N > 1 distinct points a; € 02
carrying the degrees d; for j € {1,...,N}. Let § € R?. If ¢, is the harmonic extension of ¢q to €,
then the renormalized energy of {(a;, dj)}je{l Ny is defined as

r—0

1
W3 ({(a;,d;)}) = liminf </ N (‘v'w*ﬁ ,25.V/S0*) dz — Nmlog > , (2.17)
N\U,_, Brlay) "

where B, (a;) is the disk of center a; and radius r > 0.

Note that the liminf above is in fact a limit: its existence will be proved in the following. We
then have the two following theorems, that allow us to get an asymptotic expansion at the second
order for the energy.

Theorem 2.1.3 (Compactness in the interior and lower bound at the second order). Let 2 C R?
be a bounded, simply connected and CY' smooth domain, and k be the curvature on OSQ.
Let § € R%. Assume ¢ — 0 and n = n(e) — 0 in the regime (2.13). Let (ml) be a family
in H'(Q,R?) satisfying (2.14) and the convergence at (i) in Theorem 2.1.1 to the measure J given
at (2.16) as € — 0. In addition, we assume the following more precise bound than (2.14):

N
lim sup Egn(m;) — 7 |loge| Z |d;| | < +oc. (2.18)

e—0 J=1
Then the following statements hold.

(i) Single multiplicity and second order lower bound.
The multiplicities satisfy d; € {—1,+1} for every j € {1,..., N}, so we have Z;il |d;| = N,
and there holds the following second order energy lower bound:

lim inf (E2,,(m.) — N [logel) > Wi ({(a;,d;)}) + No

where yo = wlog & and W({(aj,d;)}) is the renormalized energy defined at (2.17).
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(it) Penalty bound.
The penalty terms in the energy are of order O(1), i.e.

1 2 1
lim su —/ 1—|m.*) de + — m. -V 2d’;’-ﬂ) < +00. 2.19
e—>op (772 Q( Imel”) 2me aQ( ) (2.19)
(iti) Lower bound for the energy near the boundary vortex core.

There exist ro > 0, g > 0 and C > 0 such that the Dirichlet energy of m. near the singular-
ities {aj}je{1 Ny satisfies, for all e € (0,e0) and r € (0,r9),

|Vm![>dz — N7 logg > —C. (2.20)

/f;ﬁUj Br(aj)

(iv) W14(Q)-weak compactness and LP(2)-compactness of maps m..
For any q € [1,2), (m.) is uniformly bounded in W1(,R?). Moreover, for a subse-
quence, (ml) converges weakly in Wh4(Q,R?), for every q € [1,2), and strongly
in LP(Q,R?), for every p € [1,+00), to e, where po € WhH4(Q) is an extension (not
necessarily harmonic) to Q0 of the lifting oo € BV (0Q,7Z) determined in Theorem 2.1.1(%).

(v) DMI bound.
The Dzyaloshinskii-Moriya interaction energy is of order O(1), i.e.

limsup [ |6-V'mL Aml]dz < +o0. (2.21)
e—0 Q

Theorem 2.1.4 (Upper bound). Let Q@ C R? be a bounded, simply connected and C1'' smooth
domain, and k be the curvature on 0. Let {a;}; . ny € (OQ)N be N > 1 distinct points
and d;j € Z\ {0} be the corresponding multiplicities, for j € {1,..., N}, that satisfy Zjvzl d; = 2.
Let § € R2. Assume ¢ — 0 and n = n(e) — 0 in the regime (2.13). Then we can construct a
family (mL) in H(,SY) such that (J(m.)) converges as in (2.15) to the measure

=

N
J = 7/<;'H1|_aQ+7TZdj]l{aj}.
j=1

Furthermore, (m') converges strongly to e in LP(Q,R?) and in LP(0Q,R?), for
every p € [1,+00), where @, is the harmonic extension to Q of a boundary lifting vo that sat-
isfies €0 -/ =0 and 0,09 = KH'LOQ — T Zjvzl djl(a;y as measure on 98, and the energy of m.
satisfies

1

N
: 1 I — .
b g ) = T

Furthermore, if d; € {—1,41} for every j € {1,..., N}, then m. can be chosen such that

lim (7, (m) = N [loge|) = Wi ({(a;.d;)}) + Nyo

e—0

where vy = mlog = and W ({(a;,d;)}) is the renormalized energy defined at (2.17).
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Minimization of the renormalized energy W{({(a;,d;)})

Using [25], we compute the renormalized energy W& ({(a;,d;)}) that is involved at the second
order of the Gamma-expansion.

Theorem 2.1.5. Let § € R2.

(i) We denote by By the unit disk in R?. Let {aj}je{1 N} € (0B1)N be N > 2 distinct
points and d; € {—1,+1} be the corresponding multiplicities, for j € {1,..,N}, that
satisfy Zjvzl d;j = 2. Then the renormalized energy of {(aj,d;)} in By satisfies

N
ng({(aj,dj)}) =27 Z djdy log |a; — ag| + 271'Zdj5 . ajL. (2.22)

1<j<k<N j=1

(ii) Let Q@ C R? be a bounded, simply connected and C*' smooth domain. Let k be the cur-
vature on O and v be the outer unit normal vector on 0. Let ®: By — Q be a C!
conformal diffeomorphism with inverse ¥ = ®~1. Let {aj}je{l,...,N} € (0N be N > 2
distinct points and d; € {—1,+1} be the corresponding multiplicities, for j € {1,..., N}, that
satisfy Z;V:1 d; = 2. Then the renormalized energy of {(a;,d;)} in Q satisfies

Wo{(aj,d;)})
N

=21 Y didylog|¥(a;) — U(ar)|+7 > (d; —1)log|¥(a;)]
1<j<k<N j=1 (2.23)

N
+/80(,<+25L~1/)(w) ;djlog\‘l’(w)*‘l’(aj)l*10g|‘11’(w)\ A (w).

Corollary 2.1.6. Let Q) C R? be a bounded, simply connected and C**' smooth domain. Let§ € R?.
There exists a pair (af,al) € OQ x O of distinct points such that

Wg({(aT7 1), (a3,1)}) = min {Wg({(dla 1),(a2,1)}) r a1 # @z € 8(2} .

For the model with 6 = 0 studied by Ignat and Kurzke [24], [25], in the case of the unit
disk 2 = By, the pair of boundary vortices that minimizes the renormalized energy corresponds
to two diametrically opposed points on dB; and is only unique up to a rotation. For the model
presented here, the location of the vortices that minimizes the renormalized energy in Bj is influ-
enced by the Dzyaloshinskii-Moriya interaction. Indeed, the renormalized energy for two vortices
at ai,as € 0B of multiplicity 1 is

ng({(al, 1), (a2, 1)}) = —27logla; — az| + 276 - (ai + a%).

For 6 # 0, the minimization of the renormalized energy is different because there is a competition
between two quantities. In the next theorem, we show that the minimal configuration for the
points a1,as € 0B is unique (up to switching a; and ag) and the vortices are not necessarily
diametrically opposed, but symmetric with respect to J=.

Theorem 2.1.7. Let By be the unit disk in R?> and § = [5]e" € R2\ {(0,0)} for
some 6 € R. Then the pair of distinct points (a},a’) € 0By x 0By that minimizes the renor-
malized energy W1591({('7 1), (-, 1)}) in Corollary 2.1.6 is unique (up to switching ai and ab) and

given by

i(0+00) i(0+m—00)

*_
aj =e

where 6y = arcsin (1 /1+ W — ﬁ). In particular, @} and a3 are symmetric with respect to d+.

and ai=e
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Corollary 2.1.8. Let Q C R? be a bounded, simply connected and C1' smooth domain, and k
be the curvature on 9. Let § € R%. Assume € — 0 and n = n(e) — 0 in the regime (2.13).
For every family (m.) of minimizers of Egm on HY(Q,R?), there ewists a subsequence € — 0
such that (J(m.)) converges as in (2.15) to the measure

€
J=—kH'"OQ+ 1(1(0y + Tayy),

where a1 and ag are two distinct points in O that minimize the renormalized energy (for the
multiplicities dy = do = 1), i.e.

W({(a1,1), (a2,1)}) = min {W3({(a1, 1), (a2, 1)}) : a1 # as € 90} .

Furthermore, (m.) converges weakly to €'~ in WH4(Q,R?), for every q € [1,2), where ¢, is

the harmonic extension to Q of a boundary lifting po € BV (0Q, Z) that satisfies
Orpo = KH' OV — m(Ly4yy + Lia,y)  as measure on OS)
and e - v =0 in 9N\ {a1,az}.
Furthermore, there holds the following second order energy exrpansion:
Egm(m’e) =2 [loge| + W3 ({(a1,1), (a2, 1)}) + 270 + o(1) ase — 0,
where vo = log .
In the case of the unit disk Q2 = Bj, combining Theorem 2.1.5 and Corollary 2.1.8, we deduce

that

) AN - _ _ &
ilE)I%)(E (m.) — 27 [logel) 2rlog |ay — ag| + 276 - (a7 —|—a2)+27r10g4

2.1.3.2 Three-dimensional model for maps my: Q, C R? = S?

We come back to the three-dimensional model (see [25]) for maps my,: Q, C R® — S? and study
the 3D energy &, given at (2.10). As in Chapter 1, since we consider here again a thin-film regime,
we use the xs-averaged magnetization mp: Q@ — B2, where B? is the unit ball in R3, that is
essential for getting rid of the nonlocal effect of the stray-field energy. Recall that

1 /h ,
= — mp (2’ x3) des
h Jo

for every z’ € €2, and we denote by i : R? — R the associated stray field potential given by
ATy, = div(mylg,) in the distributional sense in R.
We introduce the reduced 2D energy functional

1 1 ~
Sh(mh) = m </ | ’mh|2 dz’ + 7/ D' V’mh Ay, da’
Q

1
—/ 1—|my,|?)da’ + — (m’h-z/)QdHl)

2me Joq

(2.24)

with Wh = (M1, Mn,2) and v/ is the outer unit normal vector on 9. For references to the energy
functional studied by Ignat and Kurzke [25] when D= 0, we also set

=0 _ 1 _ 2
g V'mn|"d 7/1— )da' + — WV dHY )L (225
) = o ([ 9P+ ) s’ + o [ ) (2.25)

An important argument for introducing this averaged energy functional is that in the regime (2.6),
the stray-field energy in (2.11) is close to the interior and boundary penalty terms in (2.25) (see [25,
Lemmas 15 and 16]). Hence, the averaged energy functional EZ allows to get rid of the nonlocality
of the stray-field energy and replaces it by local terms. The ideas used by Ignat and Kurzke
improve estimates of Carbou [11] and Kohn-Slastikov [32].
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Dimension reduction from the 3D energy functional to a 2D energy functional

For proving the main results of compactness and Gamma-convergence for the 3D energy &, we
first approximate this 3D energy by the 2D energy Eg,n studied in Section 2.2. The link between &,

5
and EZ ),

the averaged energy functional £, (7y,) defined at (2.24) ; then we reduce &5, (my) to Eg,,(m;l)
The following remark is essential for extending the upper bounds obtained in the two-dimensional
model.

with #(1313, 1323) — 0, is established in two steps. First, we approximate &, (my) by

Remark 2.1.9. If my, is independent of x3, i.e. mj = My, then
1
7/ |Vmp)? de = / V') da’,
h Ja, Q
1

- E:th/\mh dm:/ﬁ’:V'mh/\mh dz’.
h Ja, Q

and

Theorem 2.1.10. Let Qj, = Q x (0, h) with Q C R? a bounded, simply connected and C*'' smooth
domain. In the regime (2.6), consider a family of magnetizations {my,: Qn — S*} that satisfies

lim sup &, (mp,) < +00.
h—0

Then
Sh(mh) > ?h(mh) — O(l) as h — 0.

Moreover, in the more restrictive regime (2.8), we have

1

> & (m) — -
Eh(mh) = Eh(mh) [0} (|10g5

) as h — 0.

Furthermore, if my, is independent of x3, then in the regime (2.6), we have
En(mp) = En(my) —o(1) as h — 0,
and in the regime (2.8), we have
En(my) = En(mp) —o (1> as h — 0.
lloge|

We then show that in the regime (2.6), the two-dimensional energy &}, of the three-dimensional
averaged magnetization my, is in fact close to the two-dimensional energy Eg’n (divided by |loge])
of the two-dimensional averaged magnetization m},, so that we get the following statement.

Corollary 2.1.11. Let Q) = Qx (0, h) with Q C R? a bounded, simply connected and C*' smooth
domain. In the regime (2.6), consider a family of magnetizations {my: Qy — S?} that satisfies

lim sup &, (my,) < +o0.
h—0

Then 1
En(my) = @Eg’n(mg) —o(1) ash—0.

Moreover, in the more restrictive regime (2.8), we have

1 . 1
En(ma) > ——=E2, (m},) — o (|10g6|> as h — 0.

65



Furthermore, if my, is independent of xs and my, = (m},,0), then in the regime (2.6), we have

1
gh(mh) = @E{in(mlfb) - 0(1) as h — 07
and in the regime (2.8), we have
E(m)—LEé (m}) —o L ash—0
B log | '

Gamma-convergence of the 3D energy &),

Once the link between &, and Egm has been established, we can use the 2D model studied in
Section 2.2 for proving compactness of the global Jacobians and a lower bound at the first order

for &,.

Theorem 2.1.12. Let Q) = Q x (0, h) with Q@ C R? a bounded, simply connected and C*' smooth
domain, and K be the curvature on 0. In the regime (2.6), consider a family of magnetiza-

tions {mp: Qp — S?} that satisfies

lim sup &, (mp) < +o0.
h—0

(2.26)

(i) Compactness of the global Jacobians and LP(02)-compactness of the traces my|oq-
For a subsequence, (J(m},)) converges to a measure J on the closure Q, in the sense that

h=0\ |vr¢i<l in @

lim ( sup [T (my,) — J, C)) =0.

Moreover, J is supported on OS2 and has the form

N
J=—kH'LOO + Wzdjll{aj}

j=1

(2.27)

(2.28)

for N > 1 distinct boundary vortices a; € 02 carrying the multiplicities d; € Z \ {0},

forj € {1,..., N}, such that Z;\Ll d; =2.

Furthermore, for a subsequence, (Mplaq) converges to (e*°,0) € BV(9Q,St x {0})
in LP(0Q,R3), for every p € [1,+0o0), where o € BV (0, 7Z) is a lifting of the tangent

field £7 on 0 determined (up to a constant in wZ) by

N
Dripo = KHILON — dej]l{aj} as measure on 0S2.

Jj=1

(ii) Energy lower bound at the first order.

If (T (m},)) satisfies the convergence assumption in (i) as h — 0, then the energy lower bound

at the first order is the total mass of the measure J + kH'LOQ on O0:

N
lim inf &, (my) > T ldj| = |J + kH' 00| (09).

Jj=1

As in Theorem 2.1.3, within a more precise bound similar to (2.18), we prove the following

lower bound at the second order for &j,.
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Theorem 2.1.13. Let Q;, = Q x (0, h) with Q C R? a bounded, simply connected and C*1 smooth
domain, and k be the curvature on 9Q. In the regime (2.8), consider a family of magnetiza-
tions {mp: Qn — S?} that satisfies (2.26) and the convergence at (i) in Theorem 2.1.12 to the
measure J given at (2.16) as h — 0. In addition, we assume the following more precise bound
than (2.26):

N
limsup [loge| | En(mp) — WZ |d;| | < 4o0. (2.29)
h—0

j=1

(i) Single multiplicity and second order lower bound.
The multiplicities satisfy d;j € {—1,+1} for every j € {1,..., N}, so we have Z;\;l |d;| = N,
and there holds the following second order energy lower bound:

lim inf [log | (£ (mn) — N7) > Wa({(a;,d;)}) + N

where vo = wlog &= and W ({(a;,d;)}) is the renormalized energy defined at (2.17).

(ii) LP(Q)-compactness of the rescaled magnetizations.
For a subsequence, the family {my: Q1 — S?}, defined as my(2', v3) = my(2', has), converges
strongly in LP(Q21,R3), for every p € [1,4+00), to a map m = (m/,0) € Wh4(Qq,R3), for
every q € [1,2), such that |m| = |m/| =1 and d3m = 0, i.e. m = m(z') € WH(Q, St x {0}).
Furthermore, the global Jacobian J (M ) coincides with the measure J on Q given at (2.28).

Theorem 2.1.14. Let Q;, = Q x (0, h) with Q C R? a bounded, simply connected and C*1 smooth
domain, and k be the curvature on 0. Let {aj}je{l N} € (OQ)N be N > 1 distinct points

and d; € 7\ {0} be the corresponding multiplicities, for j € {1,...,N}, that satisfy Zjvzl dj = 2.

Then in the regime (2.6), we can construct a family {my = (m},0)} of H(Qn,S* x {0}) functions
with the following properties.

(i) For every h > 0, my, is independent of x3.
(ii) (T (m})) converges to J = —kH'LOQ + WZ;-V:l djlia;y as in (2.27).
(iii) We have

N
lim &, (mn) =7 ) |d;].

j=1

Furthermore, if dj € {—1,4+1} for every j € {1,..., N} and the regime (2.8) holds, then (mps)
can be chosen such that

lim [log e (€ (mn) — N7) = W5 ({(aj,d))}) + N7o

where vy = wlog & and W§({(a;,d;)}) is the renormalized energy defined at (2.17).

Corollary 2.1.15. Let 2, = Q x (0, h) with Q C R? a bounded, simply connected and C*1 smooth
domain, and k be the curvature on 9. In the regime (2.6), for every family (my) of minimizers
of En on HY(Qp,R3), there exists a subsequence h — 0 such that the global Jacobians J(m}) of
the in-plane averages ), converge as in (2.27) to the measure

J = —kH'"O0 + W(]l{al} + ]l{a2})
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where a1 and as are two points on 0S). Moreover, we have

lim Sh(mh) = 2.
h—0

Moreover, in the regime (2.8), a1 # az, the pair (a1,as) minimizes the renormalized energy (for
the multiplicities di = do = 1) over the set {(ay,as) € 0N x 00 : @y # as}, i.e.

Wo({(a1,1), (ag,1)}) = min{Wg({(dl, 1),(az,1)}) a1 # as € 89} ,

and
lim [log el (£x(mn) — 2m) = Wi ({(a1, 1), (a2,1)}) + 270

where vo = mlog .

In the case of the unit disk {2 = Bj, combining Theorem 2.1.5 and Corollary 2.1.15, we deduce

that
lim |loge| (€ (mp) — 27) = —27log|a; — as| + 278 - (a1 + ay) + 27 log <.
h—0 4m

2.2 Two-dimensional model for maps m’: Q C R? — R?

Since all quantities in this section are two-dimensional quantities, we drop the primes ’
in the notations.

2.2.1 Approximation by S'-valued maps

Given a map m: Q — R? such that Egn(m) = O(|logel), we show in this section that m can be
approximated by a S!-valued map m: Q@ — S! in the regime (2.13). This approximation in the
regime (2.13) has already been proved by Ignat and Kurzke [24, Theorem 3.1] in the case § = 0.
In order to use their result, we first show that under the assumption Egm (m) = O(|loge|) in the
regime (2.13), we also have E2, (m) = O([logel).

Lemma 2.2.1. Let Q C R? be a bounded, simply connected and C** smooth domain. Let § € R2.
Assume ¢ — 0 and n = n(e) — 0 in the regime (2.13). For every m = m.: Q — R? satisfy-
ing B2 (m) = O(|logel), we have E°,(m) = O([logel).

e,m €,m

Proof. Let m = m.: Q — R? be such that Eg’n(m) = O(|loge|). We have

’Eg,n(m) - Eg,n(m)’ =2

/6-Vm/\mdx
Q

<2/ [0 - Vm Am|dz
Q
< 2/ [0] [Vm||m|dx
Q
1
<5 [ (I9ml® + 418 mP) da.
2 Ja
by Young’s inequality. Setting S = {z € Q : |m(z)|* > 2}, it follows that

1
B2, (m) — E°, (m)| < f/ |Vm|2dm+2|5|2/ |m|2da:+2|6|2/ im/2dz
’ ’ 2 Ja s Q\S

< %/ |Vm|2dx+2|5|2/ m[2dz + 4|52 |2\ 5] .
Q S
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Moreover, for every z € S, |m(z)]> —1 > f |m(z)|, and thus

|E? /\vm| dz + 4152 / ~mf?)? dz + 4151212\ S|
<7/\Vm| dz + 4152 /(1—|m|) dr+ 4151210
2 Ja Q

Since 86> = 0(1) < 2 and n(g) — 0 as € — 0, we have, for £ > 0 sufficiently small,

en €,n

1 1
B2, (m) — E2, (m)| <f/ |vm|2dx+—/ (1— ml?)>de + 41512 |9
2 Ja 2n% Jq

1 2
< S B2, m) + 416719,

It follows that 1
2
E?, (m) > gEg,n(m) — 4107 |9,

hence ,
0 4 _
Ea,n(m) < 2E€,77(m) + 8 |6| |Q‘ - O(|10g8|)7

since E2 , (m) = O(|loge|), 6 is constant and Q is bounded. O

Remark 2.2.2. We assumed in the above lemma that § € R? is constant. However, this assumption
may be weakened: indeed, since €2 is bounded, the estimate |§| = O(\log5|1/2)
the expected result from the last inequality in the proof above.

Notation 2.2.3. Let § € R% & > 0 and = n(¢) > 0. For any open set G C  and m:  — R?, we
define the localized functional

is sufficient to get

Eg,n(m§ G) :/ |Vm|2d1‘+2/ 0-VmAm dz
—|——/ 1—|m|?) dx+— (m - v)2dH".
2me Janoo

The next theorem gives the approximation of m: Q — R? as a S'-valued map m: Q — S'.
These maps and their global Jacobians are close.

Theorem 2.2.4. Let § € (%, 1), C > 0 and Q2 C R? be a bounded, simply connected and C'+!
smooth domain. Let § € R?. Assume ¢ — 0 and n = n(e) — 0 in the regime (2.13). There

exist g > 0, co > 0, C>0andC > 0, depending only on B, C' and Q, and B € (07 %) such that

for every e € (0,50) and every m = m.: Q — R? satisfying E° ,(m) < Cllogel, we can construct
a unit-length map m = m.: Q — S! that satisfies the followmg relatwns

[ =P o < B2, ), (2.30)

/Q (19mf? + [9mP) do < 22, (m), (2.31)

S0 E2, (m) + 0%\ /B, (m), (2.32)

/5-(Vm/\m—Vm/\m)dx
Q

/{m jm — m[>dH! < gPEC, (m), (2.33)
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0 0 ~ B (10
B, (m) < EL cpp(m) + O (B (m) + /By ()
and
B2, (m) < B2, (m) + O (B2, (m) + /B2, (m))
+C (0P B2,y (m) + 02\ [ B2, (m))
As a consequence, for every p € [1,+00),
sh_% [[m — m||Lp(aQ) =0,
iij}(l) [[m — mHLP(Q) =0,

||jac(m)H(W01’°°)*(Q) S UBEgm(m)a

and
|7 (m) — j(m)”(Lip(Q))* S W’BES,n(m)'

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

The map m also satisfies the following local estimate. For any open set G C ) independent of ¢,

there exists a constant Cg > 0 such that
ED (1 Gy) < B, (3 G) + Cn® (L oy (i G) + [ L., (mi )

G, = {r € G : dist(z,QNIG) > 3n°} .

where

(2.40)

Proof. This theorem is an extension of [24, Theorem 3.1]. The ideas used in the proof come
from [31] combined with [26]. The relations (2.30), (2.31), (2.33), (2.34), (2.36), (2.37), (2.38), (2.39)
and (2.40) have been proved in [24, Theorem 3.1] in the case § = 0. Using Lemma 2.2.1, we can

extend these relations to an arbitrary 4.
Let us prove (2.32). Using integration by parts, we have

/5-(Vm/\m—Vm/\m)dx:/5~((Vm—Vm)/\m—Vm/\(m—m))dx
Q Q

:/ (6-v)(m—m)Am dH!
oN

—/5-((m—m)/\Vm+Vm/\(m—m))dx.
Q

‘We deduce that

/5-(Vm/\m—Vm/\m)dm </ |6 v||m — m|dH!
Q 00
+/ 18] (IVm| 4+ |Vm]) jm — m|dz
Q

< Cs [/ Im — m|* dH?
o0

n (/Q (1Vmf* + | vml*) dx) (/Q |‘“m'2dx)] ’
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where C5 > 0 is a constant depending only on ¢. Using (2.33), (2.30) and (2.31), we deduce
S0P (m) + 0P B, (m),
which is (2.32).

We can now deduce (2.35) from (2.34) and (2.32). More precisely, by (2.34),

/5-(Vm/\m—Vm/\m)dm
Q

EL,(m) = E2, (m) + 2/96 -VmAm de

< B o (m) + O (EQ,, (m) + B2, (m))

+2/6-(Vm/\m—Vm/\m)dx+2/6-Vm/\mdq:
Q Q

and, by (2.32),

B2 (1) < By (m) + O (B (m) + 1/ EL.,, (m)

+C (nﬂEgn(m) + P2 Egm(m)> .

2.2.2 Approximation by lifting and localization lemma

The following lemma, dued to Bethuel-Zheng [8], is useful in order to simplify the analyse of the
energy functional E?, of S'-valued maps m.

Lemma 2.2.5. Let Q C R? be a bounded, simply connected and C*' smooth domain. Let § € R?
and m € HY(Q,SY). There exists a lifting ¢ € H'(Q,R) such that m = €' and ¢ is unique up to
an additive constant in 2nZ. Furthermore, for every € > 0 and n > 0 sufficiently small,

1
§ _ 2 i ) _ 1_..0
2, (m) = /Q (IVel —25- Vi) do + o — | sl(p—g) dH! = Gle),  (241)

where g is a lifting of the unit tangent vector field T on L1, i.e.
e =1=1iv on S, (2.42)
and g is continuous except at one point of OS).

Proof. Existence and uniqueness of the lifting ¢ of m in 2 come from a well-known theorem of
Bethuel and Zheng [8]. For the existence of g, we note that 7 has winding number 1 around 9
as  is simply connected, hence no continuous g: 9Q — R with €9 = 7 can exist. However, if )
is C™1, we can choose g to be locally Lipschitz except at one point of 02 where it jumps by 2.
Clearly, the curvature k of 9€ is given by the absolutely continuous part of the derivative of g (as
a BV function), i.e. & = (0rg)ac and [y, & dH' = 27, which is the Gauss-Bonnet formula for the
boundary of a simply connected domain. As |[Vm| = |Vp|and VmAm = Jm(—iVpe "¥e'¥) = —Vop
in Q, and m-v = —sin(¢ — g) on 9N, we deduce the equality between E;in (m) and G2 (). O

The functional G2 in the above lemma has been studied by Kurzke [33], [34]. In the following, we
will prove Gamma-convergence for G° and use these result for proving Gamma-convergence for Egm.
Note that, up to a constant, G is exactly the energy E?(ip; Q) that we studied in Section 1.3 in the
case where v = —eq, i.e. ¢ = 0. In fact, in order to obtain the asymptotic expansion by Gamma-
convergence, we need to get rid of g. To do so, we will use the following localization lemma that
comes from [24, Lemma 4.3]. The assumption of C'1! smoothness is required here.
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Lemma 2.2.6 ([24], Lemma 4.3). Let Q C R? be a simply connected and C1'' smooth domain.
There exist constants ¢c; = ¢1(Q2) > 0 and rog = ro(Q) € (0,1) such that, for any a € I, we can

find a C' map U, : B;’ro — Q with the following properties.

(i) V,: BY — U, (B ) is a conformal diffeomorphism with U,(0) = a.

ro(14c1ro log %) ro(1+ciro log %)

(ii) For any ¢ € HY(Q,R), setting 1 = ¢ o ¥, then for any r € (0,7¢),

/ VoPdo< [ vetde< [ VP de,
Bt QNB,.(a) Bt

r(l—cyrlog L) r(l4cirlog 1)

and
1
(1 —arlog )/ sin® (-, 0) dH </ sin® ¢ '
"I s 1 dQNB,(a)
1
< (1 + cirlog r) / sin? (-, 0) dH .
I

r(l4cirlog 1)
where I, = (—p, p) for any p > 0.

Lemma 2.2.7. Let Q C R? be a simply connected and CY' smooth domain. Let a € 0Q. The
map Y, in [24, Lemma 4.3] satisfies, for r > 0 sufficiently small,

an Br(lfclrlog%)(a) c \Ila(Bj) can Br(lJrclrlog%)(a)'

Proof. Using the proof of [24, Lemma 4.3], we have
1

[Wo(2) —a—Ta2| < C \z|210g R
z

for |z| sufficiently small, where 7, denotes the unit tangent vector at the point a € 9.
Let y € U, (B;") for some r > 0 small. Then, there exists z € B, such that ¥,(z) = y and

1

ly —al = [¥a(2) — al < |Wa(2) = a—7a2] + 2] < Oz log P

1
+zl <r (1 + C’rlog) ,

T
because t — tlog% increases for ¢ > 0 small enough. Hence, y € QN B, (14,105 1)(a) for r >0
sufficiently small. The other inclusion is obtained similarly (and up to taking a smaller r > 0 than
above), using that

~ 1
U (y) —v(y — a)| < Cly—a|*log ——

ly —al’

-1)(a) has modulus less than 1. O

a

for |y| sufficiently small, where v = (¥

2.2.3 Estimates for the energy near boundary vortices

For the second order term in the asymptotic expansion of the energy by Gamma-convergence, we
need to estimate the energy G2 defined at (2.41) in a neighborhood of the boundary vortices. Up
to use a conformal map and make a blow-up near a boundary vortex, we can consider the following
localized functional.

Notation 2.2.8. Let § € R%2, ¢ > 0 and = n(¢) > 0. For any open set G C R2 = R x (0, +00)
and ¢: G — R, we define the localized functional

F(wiG) = [ (196~ 28 Vo) do+ o sin? (z1,0) dey.
G

€ JGN(Rx{0})
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Notation 2.2.9. For every (z1,22) € R =R x (0, +00), we set

¢ (21, w2) = arg(x1 +ixz) = T _ arctan (xl) )
2 To

and

¢z(x1,22) = arg(z; + i(z2 + 27¢)) = g — arctan (&) .

Lemma 2.2.10. Let § = (61,02) € R For any r € (0,1), set I, = (—r,7). Then the quantity

TP . (e BFY _ r
Yo = 11£I1_>1(I)1f llIEn_)l(I)lf <w_¢; (}ZlfaBr\IT F2(¢; BYY) — wlog 5) (2.43)

is a limit as r — 0. Moreover, we have 2 = mwlog 1.

Proof. In the case 6 = 0, Cabré and Sola-Moralés showed [10, Lemma 3.1] that, for r € (0,1),

inf F2(¢; BY) = F2(¢% B)). (2.44)
=@z on B \I,

Furthermore, Ignat and Kurzke [24, Lemma 4.14] proved that

lim limiglf (FEO(¢;; Bf) — mlog g) = 7log <. (2.45)

r—0 e— 4
We will use both this statements to prove that 2 is a limit as r — 0 and is equal to 7log .
Step 1 : We first prove that 72 < 7log .
To do so, we observe that inf { F? (¢; B}Y): ¢ = ¢ on 0B, \ I.} < F2(¢%; B;), hence

[op) T

~2 < liminf lim inf (Ff(d):, B) —mlog i) . (2.46)
€

r—0 e—0 r

Let r € (0,1). By Green’s formula, we have

F2(¢%5 BF) = F2(¢% B) —2/ §-V¢r de = F2 (4% BY) -2 PL( - v) dH,
B OBt

where v = (v1,12) is the outer unit normal vector on dB;". Moreover,

(6 - v) dH
oB;F

< [0l [1¢2ll g [0BF| < Cr

for some C' > 0 independent of € and 7, since ¢* is bounded independently of € (by definition of ¢7,
we have ¢* € [0,7]) and |0B,"| = (7 + 2)r. We deduce that

F2 (6% BY) —wlog - = F2(6%: Bf) — wlog = — O(r).
Using (2.45), it follows that
.. .. S/ %, Y f) _ i
llgrl,lélf hgn_}élf (F5 (¢; B ) —mlog e mlog i (2.47)

Combining (2.46) and (2.47), we get 72 < 7log .
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Step 2 : We prove that vo > 7log .
Let r € (0,1) and ¢: R%Z — R such that ¢ = ¢Z on dB,;"\I,. As ¢* € [0,7] in R2, then on B, \I,,

we have
— 0] < @ (w1, 22) — dowa < T+ |da| 7

Since 7 € (0,1), there exists an integer N > 0 such that on 0B, \ I,.,
—N7 < ¢Z(x1,x2) — dame < N7
We define 12 in B7f as follows:
B (a1, x9) — dowe  if — Nmw < p(x1,22) — 0220 < N,

’(/)(1‘1,1'2) = 62x2 + —Nm if 1[}(1’1,1‘2) g 7N7T, (248)
Nm if’l/)(l’l,l'g)>N7T.

Note that #(-,0) is bounded with values in [~N7, Nx] on I, and ¢ = ¢* on dB; \ I,. Let us
show that F2(vy; B)Y) < F2 (v B*) First, we note that on I, 1(+,0) is equal either to ¥(-,0), or
to —N, or to N. Thus sin2 (-, 0) < s1n2 (-, 0), and

/ sin? ¢ (1, 0) day < / sin? 1 (x1,0) dz;.

I, I

For the interior integral, we note that
/ (|qu|2 — 2. v&) do = / (|alzZ|2 - 25181@ da +/ 10y — 8|%da — 62| B}
B B B

On the one hand, using (2.48), we have

elsewhere,

|311/1| { 01| if — N7 < ¢(21,22) — S22 < N,

thus |8,¢)| < |01¢] in B, and [+ |019|2da < S+ 1019[2dz. Moreover,

o da :/ vy dH! :/ ¢rvy dH! :/ o dz
B OB \I, OB \I, B

using that 1 = 0 on I,.. On the other hand, using (2.48),

|8’(Z—6|_ |(92’l/)752| 1ffN7T§1/J(x1,x2)76212<N7r,
2 270 elsewhere,
thus |82{/; — 0| < |02) — o] in B;F, and fB+ |(‘32w §ol?dx < fB+ |021) — 02]?dz. Combining the

above inequalities, comparing the boundary and interior parts of F? (7,[1, B) and F?(y; B}Y), we
deduce that F?(y; Bf) < F2(¢; Bf). By definition of F?(v; B}f) and using Green’s formula,

T

FS(J;Bm:FS(zZ;BJ)—/ 25 - Vi da
B;f

:FEO('(ZaB;F) _/ 2(5V)'(Z dHl+/ 2(52V2’(Z(l‘1,0) dxl.
dB\I

I
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Since ¢ = ¢* on OB; \ I,., we can use (2.44) to get

FE(5: BY) > P65 BY) - / 25 )t dH! + / 26,0501, 0) das.
OB\I, I,

Using that ¢* € [0,7] and (-,0) € [N, N7] on I, we get

F2(; Bf) > FO(¢%; B)) — Cr

for some C > 0 independent of € and r. Hence,
Y2 = liminfliminf [ inf F? (1}, B) — wlog r
r—0 e—0 Y=¢* on 8Bi\]r g
> lim inf (lim inf (Fso(qb;‘; B) —7log i) - Cr)
r—0 e—0 €
TR .. 0/ . P+ C)
11£n_>1(r)1f hreri}(r)lf (F5 (¢%; B) — mlog 6

(&
:wlog?,
7

the last equality coming from (2.45).
Combining Step 1 and Step 2, we get 72 = wlog 1= and the liminf as r — 0 in the definition
of 79 is a limit as » — 0. O

Lemma 2.2.11. Let § = (§1,82) € R%. For any r € (0,1), set I, = (—r,r). Then the quantity
~1 = lim inf lim inf < inf F2(¢; BF) — wlog T) , (2.49)
r—0 e—0 Y=¢* on aB:'\IT. g
is a limit as r — 0. Moreover, we have 1 = 2 = mlog 1=, where o is defined in (2.43).

Proof. By Lemma 2.2.10, 72 is well-defined as a limit as » — 0 and 2 = mlog +=.
Step 1. Let us show that vo < 1.
Let r € (0,1). Consider the family of functions (¢¢)e>o defined in B:(HT) \ B, as

57
¢ (w1, 32) = arg <$1 +1 <x2 + QWE\/%T%r))

r2

for every (z1,z2) € B:r(1+r) \ B,, and that satisfies, for every ¢ > 0, ¢ = ¢ on the half-
circle 8Bj(l+r) \ I(14r) and ¢, = ¢* on the half-circle 0B, \ I,. We observe that

r(l+r
(023 By ) — wlog T)

= F2(¢:B)) — wlog = — mlog(1 +7)

)
Bt

r(147) \B.,,
1

2me

(IVo.* ~ 20 V.) d (2.50)

sin? ¢ (x1,0) dy.
T4\ I

(6]



Since both the argument function and the function multiplied by ¢ are smooth away from zero, we
can use the dominated convergence theorem to get

lim (\V¢5|2 — 2. ws) dz
= Bj(lw)\BT

_ / (IV6*[2 - 25 - V") da
B+

r(l47r) \B,,,

1 2(6 -4
:/ < 2.2 ( ngl le2)> dzidzs.
BY ) \Br \T1 T T3 i+ x5

Using polar coordinates and Fubini’s theorem, we get

lim (\v¢6|2 - 25-v¢6) da

e—0 +
Br(1+7‘) \BT

r(l4r) pmr 1 ) _ .
_ / / (2 B p(02 00892 01 sm@)) » dbdp
p=r 6=0 \ P P

r(14r) 1 ™ r(1+r)
:7r/ fdp—2/ (62 cosf — 07 sin6) d9/ dp
T P 0 T

= mlog(1 +r) + 46172

Moreover, for ¢ > 0 sufficiently small and for every 1 € L1 \ Ir,

sin? ¢ (x1,0) = sin? (arg (:vl + 22'7T8|$12_T>> < sin? (arg (r(1 +7) + 2ime)),
T

and

2
2 2 2
sin? (arg (r(1 +r) + 2ime)) = sin? <arctan 74(17:_57“)) < sin? <arctan :E> < (:5) ,

since sin? < ta1127 thus

1

. 2me
e sin? ¢ (x1,0) dz; < = |14y \ 1| = dre.

In(i4m)\Ir
Combining the above inequalities, (2.50) becomes

r(1+4r)
5

.
F2(¢e; B)14,)) — mlog < F (9o BY) — mlog — — mlog(1+7)

+ mlog(1 + 1) 4 46,72 + 4ne,

ie.

1
F2(¢: By ,y) —mlog @ < F2(¢e; Bf) - mogg + 46177 + dne. (2.51)

The left-hand side in (2.51) is greater than

. r(l+4r)
inf F‘s(w;B"" y) — mlog ———=,
=g on SB,f“(H,.)\IT(lJrr) e r(147r) c
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so that, taking then the infimum of F?(3; B;f) over functions v such that ¢ = ¢* on 9B \ I, in
the right-hand side in (2.51), taking the liminf as ¢ — 0, and taking finally the liminf as r — 0,
we get

Y2 < lim inf lim inf inf F2(¢; BF) — wlog Ty 46172 4 4me | < 1.
r—0 e—0 h=¢* on BB;*'\IT IS

Step 2. Considering (1 — ) instead of 7(1 4+ r) and proceeding as in Step 1, we show similarly
that

lim sup lim inf ( inf F(¢; Bf) — mlog r) < 7e.
r—0 €20 \y=¢* on OB,"\I, €

Step 8. Combining Step 1 and Step 2, we deduce that

Yo < 71 = lim inf lim inf ( inf F2(¢; BF) — wlog T)
r—0 e—0 Y=¢* on OB:'\IT 12

< lim sup lim inf < inf Fs‘s(zb; BY) —7log T)
r—0 €20 \y=¢* on 8B \I, €

< 7e2-
It follows that
e

~v1 = lim liminf( inf Fg(w;Bf) — mlog T) = =mlog i
€ T

r—0 e—0 h=¢* on BB:r\Ir

O
Lemma 2.2.12. Let § = (§1,02) € R? and d € N*. For every (z1,72) € RZ =R x (0, +00), set
oh(x1,0) = darg(xy + ixzy).

For every r € (0,1) and € € (0, 6’1/7’2), there exists a function ¢q.: BY — R such that ¢q. = ¢}
on 0B, N Ri and

F (e BY) < wdlog - + Od*(1+ [log | + loglog ],

where C' > 0 is independent of r and .

Proof. We use the same arguments as in [24, Lemma 4.15]. Let 7 € (0,1) and ¢ € (0,e"%/"").

Set a. = @ and, for j € {1,...,d}, 2! = ja.. Consider the interpolation function
1 if o2+ 23 <r(l—r),
_ 2 2
fi(z,m0) €RE s T2V TIHTS er;m ifr(1—r)<y/z?+a23<r,
0 if /22 + 23 > 1,
and set
d
bae: (x1,72) € RY — Zarg (z1 — flar, m2)al +i(wg 4 2me f (1, 32))) -
j=1
We have

1
F(¢ae; Bf) = / V| dz + 7/ sin? ¢g.c(21,0) dog — 2/ (0101Pg,e + 020204q,c) dx.
B 2me Jp, B

T

(s



From [24, Lemma 4.15], we have
1
/ \V¢d75|2dx + —/ sin? ¢g . (v1,0) dog < wdlogf + Cd*(1 + |log r| + log [logel),
B 2me Jp, €
where C' > 0 is independent of € and r. Moreover, using Green’s formula,

. Ga.e(61v1 + davg)dH?
oB]

< [ @ el L (8B;) (161] + 102]) ‘3Bff|
< Cd(|61] + |82])

/+(5181¢d,e +020204,c) da
B

where v = (v1,12) is the outer unit normal vector on 9B, since ¢4 is bounded independently

of & (recall that by definition, ¢F € [0,dx]), |0B;}| = (7 + 2)r and r € (0,1). We finally get

F2 (8 BY) < wdlog = + Cd?(1+ [log | + log log e]) + Cd (|31 +[3z])

< wdlogg + C'd*(1 + |log 7| + log |loge]),
where C’ > 0 is independent of € and r. O

2.2.4 Gamma-convergence for scalar-valued functions

We now present and prove three theorems showing the Gamma-convergence for gg (¢e) defined
at (2.41). These results will be useful to deduce similar statements for Efyn(mg) in the next

section. The first statement establishes the LP(9§2)-compactness of ¢. and a lower bound for G2
at the first order.

Theorem 2.2.13. Let Q C R? be a bounded, simply connected and C*' smooth domain, and k be
the curvature on 9. Let § € R?. Let (p.) be a family in H' () such that

G2 (pe) < +o0. (2.52)

lim sup
ce—0  |loge]

There exists a family (zc) of integers such that (pe — mze) is bounded in LP(ORY), for
every p € [1,400). Moreover, for a subsequence, (¢. — Tz:) converges strongly in LP(0Q) to a
limit wo such that o — g € BV (0Q, 7Z), with g given at (2.42), and

N
Orpo = KH'WLON — 7 Z dijlyg;y as measure on OS)

j=1
where, for j € {1,...,N} with N >1, a; € OQ are distinct points, d; € Z \ {0} and Zjvzl d; =2,
and (0r¢:) converges to Orpg in W=1P(9Q) for every p € [1,+00). Furthermore, we have the

following first order lower bound:

N
G2 (pe) = |0-p0 — KH'LOQ| (0Q) =7 Y _|d;]. (2.53)

=1

lim inf o
=0 |loge]
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Proof. We start by observing that, for any € > 0, using Young’s inequality, for any ¢ > 0, we have
2 2 2 1 2
[ Vel as= [ (Ve =0+ do < (4 a) [ Voo~ do+ (1+J> 0P 19,
Q Q Q

2
since (a + b)? = a® + b* + 2ab < a® + b + (\/Ea)2 + (% ) for every a,b € R. Hence,

1
gg(%) — /Q |Vg05|2 de + — /asz sin2(<p6 -9) dH!

2me

1 1
<(1+ o)/ Ve — 6% da+ 5— [ sin’(p. —g) dH' + (1 + ) |61 €2
Q 27'('5 a0 ag

< (1+0)/ (1V¢el? 26 V. ) dar + (1 40) J3 |
Q

1+o0
2me

<U+a)ge) + (240 1) 0Tl

1
/ sin?(p. — g) dH! + (1 + ) 16719
oQ g

By (2.52), we deduce that lim sup glgo(g’;‘) < +00. Hence, we can apply [24, Theorem 4.2] and deduce
0

e—
all the announced compactness results except the lower bound (2.53): it remains to show that the

Dzyaloshinskii-Moriya interaction does not change the lower bound in [24]. By [24, Theorem 4.2],
we have

0 N
lim inf Ge(pe) > WZ |d;],
e=0 |loge] ;
Jj=1
so that, using the above inequalities,
. G (p:) o
£ > .
hgl_}l(l)lf(l-i-(f) Tog ] /W;\dﬂ
Letting o — 0, we get (2.53). O

The following theorem gives a second order lower bound in the asymptotic expansion of G2.

Theorem 2.2.14. Let Q C R2 be a bounded, simply connected and C1' smooth domain, and k
be the curvature on 9. Let 6 € R2. Let (¢.) be a family in H*(Q) satisfying the convergence in
Theorem 2.2.13 with the limit ¢y on 0 as € — 0. Assume additionally that

N
limsup | G2(¢.) — 7 |loge] Z |d;| | <4o0. (2.54)
e—0 ;
j=1

Then d;j € {—1,41} for every j € {1,...,N} and, for a subsequence, (Vy.) converges weakly

in LI(Q,R?) for any q € [1,2) to VP, where o € WH4(Q) is an extension (not necessarily
harmonic) of v to Q. Furthermore, we have the following second order lower bound:

lim inf (G2 () — N [loge) > Wi ({(a;,d;)}) + No, (2.55)

where vo = mlog = and W ({(aj,d;)}) is the renormalized energy defined at (2.17).
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Proof. Since  is bounded, then for r > 0 sufficiently small, we can find using [24, Lemma 4.3]
(see Lemma 2.2.6 above) a finite number J € N* of points p1,...,p;y € 9 such that the union of
the sets -
Aj - \I] (B+(1 cirlog 1) U Ir(lfclrlog%)) - BT(pJ) N Qa
for j € {1, ..., J}, covers a neighborhood of 92 and is relatively open in Q.
Let j € {1,...,J} be fixed. Set z/;éj) = .0V, g = go W, and w¥ w(J) g(J

where p = r(1 — ¢;rlog 1) and g\, is the unique bounded harmonic extension of

() i

, gV (1) iffm| <p
(). 3y R . 2 .
gy 1 g (L1> if [z1] > p.

x

Step 1: We prove that d; € {—1,+1} for every j € {1,...,N}.

Let £ > 0 be small and £ = . Using [24, Equation (82)], we have

1— clrlog

i(/ \ij)|2dx+—/ sin? w9 (-, )d’H)

1
< / |V |2de + — sin?(p. — g) dH! + CNr'/?
Q 2me a0

=g§(<p5)+2/ 0 Ve dz + CNrl/?
Q
< gg(‘Pe) +C,

for some constant C' > 0, because r € (0,1) and by Theorem 2.2.13,

/ 0V do = / 8- V(pe —m2e) dz :/ (e —m22)0 - v dH' < |0] ||pe — 7TZ€||L1(3Q) < C.
Q Q a0

Using (2.54), we deduce that there exists a constant Ko = Ko(p) = Ko(r), independent of ¢, such
that

Z </ IVw?|2dz + 215 /Ip sin? w(-,0) dH ) <7 (log >Z|d | + Ko. (2.56)

Let o € (0, p) and I, = (—o,0) x {0}. For every j € {1,..., N}, (ng)(-,O)) converges in L'(1,) to
a locally constant function with one single jump of height d;m. We can thus apply, up to subtract
a suitable constant, [24, Lemma 4.5] and [24, Corollary 4.12] to get

N

N
) 1 . o
(492 in2 W) (. 1) > Z .
E (/+ [Vwd|?dx + 27{5/16 sin“wy’(+,0) dH ) > (ﬂlog = Mg) ;:1 |d;|. (2.57)

j=1 \/Bo
Subtracting (2.57) to (2.56) and taking the limsup as ¢ — 0, we get

1 .
lim sup E (/13+\B VD |2de + — B /\I sin? w9 (-, 0) d?—ﬂ)
P

e—0

= N (2.58)

< (g 2) > ;] + Ko +M2Z d; .
Jj=1 j=1
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Moreover, using again that (we G )( ,0)) converges in L*(I,) to a locally constant function with one
single jump of height d;, for every j € {1,..., N}, we deduce from [24, Equation (81)] applied
with £ (and denoting {175 = wy) that

N N
1
lim inf / Vo) 2dz + — sin? @) (-,0) dH? (log B) E di.  (2.59)
e=0 4= Bi\B, 2me I\, g/ “—

J=1 14 p j=1
Combining (2.58) and (2.59), we deduce

N
(log )Z —|dyl) < Ko+ Mz Y |dy].

j=1 j=1

=2

Letting 0 — 0, it follows necessarily that

j?: = |d1)

j=1
ie. dj € {—1,41} for every j € {1,...,N}.
Step 2: We prove the weak convergence of (V).
Set 7 = Q'\ U§V=1 B, (a;) for any small r > 0. We have, for r > 0 sufficiently small,

N
[ welar= [ welar=> [ [Vppas
or Q =1 JanB,(ay)

1
< / |V |2de + — sin?(p. — g) dH!
2me

1
- Z / Ve |?dz + — / sin?(p. — g) dH' | .
QNB, (a;) 21e JoonB, (a;)

By definition of G2 and using [24, Equations (82)-(83)], we deduce that
/ W@Jﬁx<§ﬂ¢g+2/6~v%dfoﬁbgg
Qr Q
1
+ NM; — 27N log <1 — cyrlog ) + CNrl/2,
r

By (2.54), we have G2(p.) < Nwlog 1 4+ O(1). Moreover, [, 6 V. dz is bounded independently
of €, because

/5~V905 dw:/cS'V(sOs—?Tzs) dx:/ (e —m22)6 - v dH!,
Q Q a0

and (¢, — 7z.) is bounded in L*(9€2). Hence, up to taking r > 0 so that log (1 — c¢;rlog 1) < 2 for
example, we have

1
/|ch5| dz < Nﬂ'log +C,

for some C' > 0 independent of ¢ and r. By [24, Lemma 4.17], the functions V. are uni-
formly bounded in L4(Q,R?) for every ¢ € [1,2). It follows that there exists gy € Wh4(Q) for
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every q € [1,2) such that, for a subsequence, (¢.) converges weakly to @o in W4(Q2) and in H'(w)
for any open set w such that @ C 2\ {ay,...,an}. By the trace theorem, we deduce that @y is an
extension (to Q) of the boundary limit g found in Theorem 2.2.13.

Step 3: We prove the second order lower bound (2.55).

To do so, we replace ¢, by the harmonic extension of ¢.|sq, denoted by ¢*. More precisely, ¥ is
the minimizer of the Dirichlet energy in 2 under the Dirichlet boundary condition ¢, |gq. Since

/6-Vg05dx:/ g0€5~yd7{1:/ <p25~udH1:/6~V<p: dz,
Q onN oN Q

we deduce that G(p.) = G%(p!), thus it suffices to prove (2.55) for ¢*. Using the same argu-
ment as before for the convergence of (¢.), we know that (¢) converges weakly in W19(Q), for
every g € [1,2), and weakly in H'(w), for any open set w such that @ C Q\ {a,...,an}, to the
harmonic extension ¢, of ¢g to €. Let » > 0 be small. By weak lower semicontinuity of the
Dirichlet integral, we have

/ |Vg0*|2dx<hminf/ |Vr|?da. (2.60)
Qr e—0 or

By weak convergence of (V?) to Vi, in L2(",R?), we have
liminf | -Vl de= 0V, dz. (2.61)
e—0 Qr Qr

Up to taking a smaller » > 0, we have

/ 5'ch:d:c:/ 5Vgpsdxf2/ 5~Vg0:dz.
Q\Qr Ule QN B, (a;) QN B, (

But, for every j € {1, ..., N}, by Holder’s inequality,

1/3 2/3
/ 0- VI dx| < / |6\3dx / |V<p:|3/2dx
QNB,(aj) QNB,(aj) QNBy(aj)

<or?l? IVl o2 (e
< Cr2/3,

for some constant C' > 0, because ¢ is constant and (Ve¥) is bounded (independently of ¢),
in L?/2(Q,R?). We deduce that, for every j € {1,..., N},

/ §- V! dz = 0r?3). (2.62)
QNB,(aj)

Applying [24, Equation (82)] to $ = ¢% with the corresponding functions - wg(j ). we have,

for r > 0 sufficiently small,

1 r
de 4+ — / sin? dH mwlog — +
Z (/ﬂmB (aj) | 2me 90N B,.(a;) (#-9) ) ( € O>

N

5>

j=1

— CNrt/2,

(i 1 i
/ |Vw;‘(])|2dx + 7~/ sin? w;“(f)(~70) dH! — (7r log r + ’Yo)
+ 271'5 Ip g

P
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Setting I, = (—p, p) x {0} and using that (@:(j)(-,O)) converges in L'(I,) to a locally constant
function with one single jump of height d;m, for every j € {1, ..., N}, we deduce from [24, Propo-
sition 4.16] that

N
1
lim inf / |V@iPde + — sin?(@F — g) dH*
e=0 ; ( ONB.(ay) 21e JoanB,(a;) :
(2.63)
- N (ﬂlog Ty ’yo> > —CNrl'/2,
€
We note that, for r > 0 sufficiently small,
G2(p%) — N [loge| = Wi ({(a;.d;)}) — No
N
1 T
> Vi |?de + — sin?(pf —g) dH' | = N <7r log — + 70)
; (/QOBT(aj) Vet 2me JoanB, (ay) : €

1
+ [ IVerPdo—2 [ 6Vt do - Nrlog .~ Wi{(as,d)})
Qr Qr

N
—22/ 0Vl dx,
j=1"9

NBr(aj)

the inequality coming from the nonnegativity of sin> on 9Q". Using (2.62) and taking then
the liminf as ¢ — 0 in the above inequality, we deduce from (2.60), (2.61) and (2.63) that,
as r — 0,

liminf (G () — N [logel) — WA({(a;.d,)}) — N
> —CNrl/?
1
+ /Q (IVeul? =20 Vip.) do — Nlog — = W ({(a;,d;)})
- 0(7'2/3).

By (2.17), we know that, as r — 0,
1
| (9. =26 Vo) do = Nrlog - + Wi({(as,d5)}) + o(D),
Qr

hence

lim inf (G2(2) — N logel) = Wi ({(a;, d;)}) = Nao > —CN71/2 = O(r2/2) + o(1) = of1).

Taking the limits as r — 0, we get (2.55) for ¢*. O

Remark 2.2.15. In the previous proof, the inequality (2.63) holds true by replacing ¢ by . (and
the corresponding inequality is obtained by replacing the functions w:”) by the functions w).
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Theorem 2.2.16. Let Q C R? be a bounded, simply connected and C1' smooth domain, and x be
the curvature on 0S). Let § € R%. Let ¢q: 00 — R be such that

N
Dy = KHLOO — WZ dil(a,y as measure on OSQ,
j=1
where d; € Z\ {0} for every j € {1,...,N}, Zjvzl dj =2 and €% -v =0 in N\ {ai,...,an}
for N > 1 distinct points ay,...,axy € 0S2. There exists a family (p.) in H*(2) such that (p.)

converges to g in LP(0Q) and to p, in LP(Q), for every p € [1,400), where p, is the harmonic
extension of vy to Q, and we have

Jim —— WZ \dj| . (2.64)

=0 |log5\
Furthermore, if d; € {—1,+1} for every j € {1,..., N}, then

lim (G2 () — N loge]) = W ({(aj, d;)}) + N, (2.65)

where o = wlog 1= and W& ({(aj,d;)}) is the renormalized energy defined at (2.17).

Proof. Let ¢, be the harmonic extension of ¢g to €, that satisfies (2.17). We begin with con-
structing a family of functions (125) using the ideas in [24]. By [24, Lemma 4.3] (see Lemma 2.2.6
above), there exist 1o € (0,1) and ¢ = ¢(2) > 0 such that, for every j € {1,..., N}, there exists a
map

U, : gﬁo -0
ro(1+crolog ) onto o, (B;;(Hcm logf))
with U, (0) = a; and, for any ¢ € H'(Q,R), setting ¢ = ¢ o U, , we have, for every r € (O,ro)

/ Vol? de </ Vo2 da g/ Vol? de,
BT QNB,(a;) BT

r(l—crlog %) r(14crlog %)

<1 — crlog 1) /
r)Jr

such that W, is a conformal diffeomorphism from Bf

and

sin? (-, 0) dH! < / sin? ¢ dH!
OQNB,(a;)

< (1 + crlog 1) / sin? (-, 0) dH!.
r)JI

r(14crlog %)

r(l—crlog 1)

Let j € {1,..., N} be fixed. For a suitable choice of the argument function, there exists a func-
tion h = h; defined in a neighborhood of a; and bounded in W?, for every p € [1,400), with
bounds depending only on p, 9 and {(a;, d;)}, such that

P«(2) = djarg(z — a;) + h(z)
in that neighborhood of a;. Using that, on 92, ¢, = pp, €° - v =0 and €9 = 7 = iv, we deduce
that sin(h — g) = €9 - (e?*)+ = 0.
Set @x = .o W,,. Then @.(2) = d; arg(z) + h(z) in a neighborhood of zero, where h = ho ¥,

is bounded in W'? (in that neighborhood of zero), for every p € [1, +00), with bounds depending
only on p, 9Q and {(a;,d;)} as above.
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Let £ > 0. Let r € (0,7) be fixed. We construct a function . defined in © as follows: let z € .
- If |\Il;j1(z)\ > r for every j € {1,..., N}, then we set
Ve(2) = pu(2)-
~ Otherwise, if [¥, (2)| <7 for some j € {1,..., N}, then we set
Ve(z) = L(TL 1 (2)) + (2),
where ¢ is defined in R2 as

ld;]—1

, k ,
OL(x1,20) = arg <931 - mf(xl,@) +i (g + 2me f (21, x2))>
k=0
where
1 if (331,1‘2) S B:O,Ty
flz1,20) = “\/T@ if (z1,22) € B \ Br(1-r);
0 otherwise.

From our construction, 125 is continuous in €2, and the family (7;5) converges to g in LP(9Q), for
every p € [1,400).

Step 1: Upper bounds for Qg.
Recall that
gg(d’f) = G2(¢e) — 2/ 6 - Vipe dx. (2.66)
Q

Assume first that |d;| = 1 for every j € {1,..,N}. By the definition of W3({(a;,d;)}) and
Equation (50) in [24, Theorem 4.2.3],

~ 1
G2(1h.) < N |loge| + (/ [V, |* dz — N7 log r) —o(1)+ Ny +o(l) ase,r—0.
2\

N

i1 Brlag)

(2.67)
Moreover, we have

/ §-Vipe dz = / §- Vi dz +/ §- Vi dz. (2.68)
2 A, Br(ay)

QﬂUj Bi.(aj)

Let us estimate the last integral above. For r > 0 sufficiently small,

N
/ 5~V1$5d:c:2/ § - V. dz.
mUj B..(aj) j=17/9nB.(a;)

By [24, Theorem 4.2.2], for every ¢ € [1,2), there exists a constant Cy > 0 such that

IVl

Hence, for every j € {1, ..., N}, by Holder’s inequality,

/ § V. do
QNB,(aj)

ra) < Cy.

< 18] O3V || sy = O /3)  as+— 0.
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It follows that

lim §- Vi dz = 0. (2.69)
=0 anlJ, B-(ay)

Moreover, by [24, Theorem 4.2.2] again, (V@ZE) converges weakly to Vi, in L'(Q,R?), thus
lim §- Vi do = / 5V, dz (2.70)
20 S\, Br(ay) o\, Br(ay)

Combining (2.66), (2.67) and (2.68), and taking the limsup as ¢ — 0, we deduce using (2.69)
and (2.70) that, as r — 0,

~ 1

lim sup (gg(z/)g) —N7T|1og€|) < / <|V@*‘2 _26.V<p*) dz — N7log —

£—0 Q\U;V:l By (a;) r
—0(1) + Nvyo — O(r'/3).

Taking the liminf as r — 0, we get

tim sup (G2 () — N [logel ) < Wa({(az.d;)}) + Nyo.

E—

It remains to treat the case of arbitrary integers d;. By Equation (49) in [24, Theorem 4.2.3],

N
Go(¢e) < 7r\10g5|2|dj| +o(l) ase—0.

j=1

Moreover, we know again by [24, Theorem 4.2.2] that, for every ¢ € [1,2), there exists a con-
stant C; > 0 such that

[VtbellLa(o) < Cq,
and that (V@E) converges weakly to Vi, in L!(Q,R?). Hence, we deduce similarly that

. 1
lim sup
=0 |loge|

N
Gy <7y ldy]-
j=1

Step 2: Lower bounds for G2 and convergence to @, in LP(().

For any € > 0, we denote by @: the harmonic extension of @’/;s|,99 to €, i.e. {b\: is the minimizer of
the Dirichlet energy in 2 under the boundary condition ¢.|aq. First, the family (¢}) satisfies the
convergence statements for G2. Indeed, since ¥* = 1), on 02, we have

/5.v$€dx= 0.6 v dH! = zZ:(S.udHl:/&ViZ:d%
Q o Q

[o19)

and thus G (47) < QS(QZE). If d; € {—1,+1} for every j € {1,..., N}, it follows by Step 1 that
limsup (G2(52) ~ Nr[logel) < Wa({(aj,d;)}) + N,
e—0

and by Theorem 2.2.14, we have more precisely

tim (G2(67) — N [loge|) = Wi({(a;,d;)}) + N,
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In the case of arbitrary integers d; € Z, we have by Step 1

lim su A* <7 d;
540p|10g5| s Z| |

and by Theorem 2.2.13, we have more precisely

. 1 (@) =
;1—>0 |log5| ) WZW :

It remains to show the convergence statements for the family (122‘ ). Since 121\;‘ = 121\5 on 0F2, then (7,2;" )
converges to ¢ in WHP(99Q) for every p € [1, +0c0). Moreover, since harmonic functions satisfy the

inequality || - ||z2(q) < C|| - [[z2(00), We deduce that (¢e) converges to ¢, in L?(Q2). Furthermore,
as WhP(0Q) C L>(09Q) for some p € [1,+0o0), then the sequence (¢ — ,) is uniformly bounded

on 0f). Moreover for every € > 0, the functions ¢; — @, are harmonic in 2, hence by the weak
maximum principle, we have

sup [ — @.| = sup [ — @.],
Q o0

~

thus taking the supremum on £ > 0 in the above equality, we deduce that the sequence (¥} — ¢.)
is uniformly bounded in §2. Then there exists a constant C' > 0 such that, for every p € (2, +o0),

2 — ulP < ClYE — ou.

Integrating over 2 and using that (12;;* ) converges to ¢, in L%(£2), we get the convergence of (%)
to ¢, in LP(Q) for every p € (2,+00). Besides, by Holder’s inequality,

~ - p/2
/ W}: - <,0*|pdx < </ W;Z _ @*|2d$> ‘Q|(271))/2’
Q Q

for every p € [1,2]. Since © is bounded and (12)\:) converges to ¢, in L?(Q2), we get the convergence
of (¢f) to ¢, in LP(Q) for every p € [1,2]. O

2.2.5 Gamma-convergence for vector-valued maps

We now prove Theorems 2.1.1, 2.1.3 and 2.1.4.

Proof of Theorem 2.1.1. Let (m.) be a family in H*(92,R?) such that Efm(ma) < Cllogel, for
some constant C' > 0. Using Theorem 2.2.4 and Lemma 2.2.1, we can construct a family (m.)
in H'(Q,S!) such that

E;j,,,(mg) < Eg’n(mg) +o(l) ase—0, (2.71)
ilg%) [me — mellppp0) =0, for every p € [1,+00), (2.72)

and
lim [|7(me) = T (me) | nip(ay)- = 0- (2.73)

Using Lemma 2.2.5, for every ¢ > 0, there exists a function p. € H'(Q) such that m. = ei®:
and E?, (m.) = G2(¢c). Moreover, for every & > 0, the global Jacobian of m. is given by

J(m.) = Fpa(m.) = =0, H LN
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as a distribution in H~'/2(9Q). Using (2.71) and G2(¢.) = E?, (m.), we deduce from Theo-
rem 2.2.13 that, for a subsequence, there exists a family of integers (z.) — that we can all assume
to be either even or odd, up to taking a further subsequence — such that (¢ — 72:) converges
strongly in LP(09Q), for every p € [1,+00), to a limit ¢ that satisfies ¢pg — g € BV (9Q, 7Z) with g
such that ¢ = 7 = iv on 0. Let ¢y be such that ¢y = ¢ if the integers z. are all even,
and ¢g = ¢g — 7 if the integers z. are all odd. By definition of ¢g and g, ¢¢ is a BV lifting of £7.
Moreover, as ‘eis — e“| < 5§ |s —t| for every s,t € R, we have, for every € > 0,

| — %0 | = |eive — eivo]

ei(@afﬂ'zg)eiﬂ'zg o ei¢0(_1)zs

i(pe—m2e) _ ei¢0

e

< ‘(@e_ﬂzs)_¢0|'

vl 3

It follows that (m.) converges strongly to e*° in LP(99), for every p € [1,+00). Combining this
with (2.72), we deduce that (m.) converges strongly to e?#° in LP(9R), for every p € [1,+o0). By
Theorem 2.2.13, we also have

N
Orpo = Or o = KH'LON — 7 Z djl,,y as measure on Jf

J=1

where, for every j € {1,..,N}, a; € 09Q are distinct points, d; € Z \ {0} and Z;vzl dj = 2.
We also get, again by Theorem 2.2.13, the convergence of (9,¢.) to d,¢¢ in W=1P(98) for
every p € (1,4+00). For every Lipschitz function ( € W>°(Q), using that m. = e’ and in-
tegrating by parts, we have

Wm0 =- [

R A / Vo, Ve dz = — / B¢ dH!
Q Q o0

Given p € (1,+00) and & > 0 such that %—i—% = 1, using that 9,¢. € W=1P(9Q) and ¢ € W1¢(Q),
we deduce by letting € — 0 that

(T(m.),¢) = — | Or-poC dH .
o0

Hence, (J(m.)) converges in (W1°°(2))* to the measure J on Q given by
N
J = =0r¢oH' 00 = —kH'LOQ+ 7Y dill(ay.
j=1
Combining this with (2.73), we deduce that (J(m.)) converges to J in (W%>°(Q))*. Finally, since
E,(me) > B2, (me) —o(1) = G2(p:) —o(1) ase—0

thanks to (2.71), the lower bound (2.53) for G°(y.) given by Theorem 2.2.13 gives the expected
lower bound for Egm (m¢) at the first order. O

Proof of Theorem 2.1.8. Continuing as in the proof of Theorem 2.1.1 (with the same notations),
we now assume the stronger condition (2.18). By definition of m., Theorem 2.2.4 and Lemma 2.2.1,

G2(e) = EZ, (me) < B2, (me) +o(1) ase— 0,
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hence by (2.18),
N

limsup | G2(¢.) — 7 |loge] Z |d;| | < 4oc. (2.74)
e—0 -
j=1

Step 1: Proof of (i).
We deduce immediately from the above assumption and Theorem 2.2.14 that d; € {—1,+1} for
every j € {1,..., N}, and that
liminf (G (¢:) — N flogel) > W3({(ay.d,)}) + No.
Since E?, (m.) = G2(¢:) — o(1) as & — 0, it follows that

lim inf (Egm(mg) — Nrlloge|) = Wa({(a;,d;)}) + N7o.

e—0
Step 2: Upper bound for the DMI term.
We clearly have

/5ons/\m5dx < /5-Vms/\msdx + /5~(Vms/\m57Vms/\m5)dx.
Q Q Q

Using (2.18), Lemma 2.2.1 and Theorem 2.2.4, it follows that, as ¢ — 0,

< 0-Vm, Am, do

Q

+o(1). (2.75)

/5'Vm5/\m5 dzx
Q

Moreover, by definition of m., we have

/(5-Vm5/\m€ dx
Q

/5~V<p5dx
Q

By Theorem 2.2.14, (V. ) is bounded in L3/2(Q). By Holder’s inequality, we deduce that

3 1/3 3/2 2/3 1/3
<(fras) ([ 1edman) <1610 190l m < .

for some constant C' > 0 independent of €. Combining this with (2.75), we deduce that

/5-Vms/\mE dx
Q

lim sup < +o00. (2.76)

/ 6-Vme ANm, dzx
e—0 Q
Step 3: Lower bound for E? (me; QN Ujvzl B, (aj)).

We apply (2.40) with G = QN Uj\[:l B,14p)(aj), so that QN U;VZI By,(aj) C Gy /ey, for some p > 0
sufficiently small. We get, up to taking a smaller p > 0,

1 1
/ (19mef 4 50 = me)?) o+ 5 (. - v)2aH?
2, Boa+ () N € JoonlJ, Bytn (ay)

> Eg,n/co(ms; an UBP(aj)) - 0(1)
J

1
= / |V |* dz + — (m. - v)2dH! — o(1)
onJ, By(a;) 2ne JoanlJ, B,(ay)
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as € — 0, hence

1
Ovm¥+yﬁﬂ—mk%ﬁdx+ (me - v)*dH!

/S;OUJ, B,14p)(aj)

2me BQﬁUj By(1+0)(aj)

1
> / Ve |* do + — sin?(p. — g) dH' — o(1)
onlJ, By (a;) 2me oanlJ, By (ay)

N
1
Vg&stan— sin(pe — g) dH' | — o(1).
Z(/QOBP(%)|| - (¢~ 9) )

j=1 QN B, (ajz)

Let j € {1,..,N}. By Theorem 2.2.13, there exists a family of integers (zc) such that the
family (¢. — mz. — g) converges in L'(0Q N B,(a;)) to a locally constant function with one sin-
gle jump of height +7, with g given at (2.42). We deduce from [24, Corollary 4.12] that there
exist €9,; > 0, po,; > 0 and C; > 0 such that, for every € € (0,¢¢,;) and p € (0, po ;),

1
/ |V<pa|2dar+2— sin?(p. — g) dH' > wlog £ — €.
QN B, (a ) TE JoanB,(a ) €

Setting 9 = minjeqy, . N} {€0,5} and po = minjeq1,. . N} {po,j}, it follows that for every e € (0,2p)
and pE (0750)7
1

L (me - v)2dH?
2me 6QﬂUj By(1+p)(aj)

1
/ (19l 4 50 = 2 o+
QﬁUj By14p)(aj) n

> Nrlog? —
13

for some constant C' > 0 independent of € and p. In order to bound E?, (m.; QN U;VZI B,(aj))

by below, we set 7 = p(1 + p), so that p = (v/1+4r — 1), i.e. p = r + o(r). Hence, the above
estimate gives

1 1
/ (17ml? + 50 2 ) o 4 51 (me - )2
QmUj B..(aj) n e anUj B,.(a;)

> N7rlogi - C,
€

(2.77)

for € > 0 and r > 0 sufficiently small, where C' > 0 is independent of € and r.
Step 4: Proof of (ii).

Setting Mg, = m, and my. = m., we can apply the same arguments as in Step 3 to Mo, and mo,.
We get, for € > 0 and r > 0 sufficiently small, and using the nonnegativity of the integrated
functions,

~ r
Eggv2"](m5) = ESE,Q”](m2E) = N log 275 - 07

for some constant C' > 0. Let 7 > 0 as above be fixed. By (2.18), for € > 0 sufficiently small, we
have Eg,n(mg) < C' + Nwlog 1 for some constant C' > 0. Hence we get, for £ > 0 sufficiently
small,

EZ,(m.) = BS. 5,(m.) < Nwlog 7 + C+C' = C

where C' > 0 is independent of ¢, i.e.

3

1 -
yres (1 —|mc?)?de + — [ (me-v)?dH'+2 [ §-Vm. Am. dz < C.
Q

dre Jaq Q
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Using (2.76), we deduce that

- 1 2)2 1 2 391
lim sup (772/9(1— |me|?) d:Jc—i—%(mE-V) dH" ) < 4o0.

e—0
Step 5: Proof of (iii).
By (2.77), for e > 0 and r > 0 sufficiently small,

/ |Vm€|2dwa7rlogC
QﬂUjB,.(aj) €

1 1
>-C- 7/ (1= me*)*de + 5— (me - v)*dH!
1 JanJ, Be(as) 2me o9n|J, Br(ay)

1 1
>-_C - = — 2y2 —_— Co)2dHL ) .
>-C (2/(1 \m€|)dx+2 6/8 (me - v) d’H)

Using (i), we deduce that there exist &g > 0, 79 > 0 and C > 0 such that, for ¢ € (0,¢)
and r € (0,79),

/ Vme|?dz — Nrlog - > —C.
QﬂUj B.(a;) €

Step 6: Proof of (iv).

For every € > 0 and r > 0, we have

/ |Vm5\2dx=/ |Vma|2dx—/ IVm.|* dz
sz\Uj B,(aj) Q mUj B.(aj)

< E? (me)—/ IVm.|* dz
= QHUJ_ B,(a;)

s
= E&n(me) -2 6-Vme Am, doz —

/ |Vm,|* dz.
Q QmUj B,(aj)

Using (2.18), (2.76) and (7i4), we deduce that for £ > 0 and r > 0 sufficiently small,

1
/ IVm.|>dz < Nrlog = + C, (2.78)
U, Br(ay) r

for some C' > 0 independent of € and r. By [24, Lemma 4.17], we have lim sup ||Vmg||Lq(Q) < 400

e—0

for every q € [1,2), thus (m.) is bounded in W14(Q,R?). As we proved that (2.74) holds, we
can apply Theorem 2.2.14, so that for every ¢ € [1,2), (¢.) converges weakly in W14(Q) to
an extension (not necessarily harmonic) @ € W14(Q) of g to Q. Using that m. = €' for
every ¢ > 0, we deduce that (m.) converges weakly to e*?° in W14(Q,R?), for every q € [1,2).
By Sobolev compact embedding of W4(Q) in LP(Q) for every p € [1,+00), we deduce that
up to a new subsequence, (m.) converges strongly to e*° in LP(2,R?), for every p € [1,+0c0).
Since (m.) is bounded in W4(Q, R?), for every q € [1,2), then we can assume that, up to a subse-
quence, (m,) converges weakly in W14(Q, R?), for every ¢ € [1,2). Moreover, by Theorem 2.2.4, for
every p € [1,400),
gi_{% [me — msHLP(Q) =0,
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hence (m.) converges weakly to %0 in Wha(Q,R?), for every ¢ € [1,2), and (m.) converges
strongly to e™° in LP(Q, R?), for every p € [1, +00).

Step 7: Proof of (v).
We finally note that (2.76) can be refined by using (iv). Indeed (Vm.) is bounded in L3/?(Q)
and (m.) is bounded in L3(€2), thus by Hélder’s inequality,
16+ Ve nmel do < 10 19m 32y Il s oy < €
Q

for some constant C' > 0 independent of . O

Remark 2.2.17. With the notations of the previous proof, we have

1
lim inf lim inf / (Vmgl2 + 51— Imal2)2> dz
r—0 e—0 QnU_j By (aj) n

1

— (m5~y)2dHlfN7rlongN'yo > 0.
2me oanlJ, Br(ay) €

that is to say

e 0 ) Y r_
111Tn_>1frj1f hIEIl_}(IJlf B, (me; QN U B, (a;)) — Nmlog . Ny | = 0. (2.79)
j

Indeed, applying (2.40) in Theorem 2.2.4 as in Step 3 of the previous proof, we get, for p > 0
sufficiently small, we have, as ¢ — 0,

1

1
/ (|Vm52 + 72(1 — |m€2)2) de + — (ma . V)Qdel
QmUj By(1+p)(aj) n 2me anUj Byis (ay)
1
— Nrlog @ — N
al 1
> Z / |V<P»s|2 dr + — Sin2(cp5 -9) dH!' | — Nnlog p_ N~o
j=1 \/QNB,(a;) 2me JoanB,(a;) €

— Nmlog(l+ p) —o(1).

Using (2.63), that holds by Remark 2.2.15, we deduce by taking the liminf as ¢ — 0 that

1
lim inf / <|Vms|2 + =1 - |me|2)2> da
e=0 o, By (aj) n
1

2me 8QﬂUj By (1+40)(aj)

> —CNp'/? — Nrlog(1+ p).

1
(me - v)? dH' — Nrlog @ - N%)

Setting 7 = p(1+ p), so that p = 2(v/T+ 4r — 1), and noting that p — 0 as 7 — 0, we obtain (2.79)
by taking the liminf as » — 0 in the above inequality (after having replaced p by its expression in
function of r).
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Proof of Theorem 2.1.4. Let @p: 02 — R be such that 0,09 = kH'LON — 71'2;\]:1 dila,y as
measure on 9§ and e - v =0 in 9N\ {a1,...,an }. Let ¢, be the harmonic extension of g to €.

For any ¢ > 0, we consider 12; as in the proof of Theorem 2.2.16 and we set m. = e’¥<. Then, for
every € > 0, m. € HY(Q,S!) and J(m.) = —0,4*H*LOQ. Since, for every ¢ > 0,

. B . s e
me = e+ = % — e+ < T132 — g,
it follows from Theorem 2.2.16 that (m.) converges strongly to ¢. in LP(Q) and in LP(09) for

every p € [1,+00), and that (J(m.)) converges to

N
—0rpo = —n?—ll\_é‘Q + WZ de]-{aj}
j=1
in (W' (€2))*. Finally, the expected limits at first and second order for E? , (m.) follow from (2.64)
for the first order, from (2.65) for the second order, combined with the equality E? , (m.) = G (7).
O

2.2.6 Minimizers of the renormalized energy

For proving Corollary 2.1.8, we firstly need to prove that Egm admits minimizers in H' (2, R?), and
secondly that the renormalized energy (2.17) admits minimizers corresponding to two boundary
vortices of multiplicities 1, i.e. N =2 and dy = dy = 1 (this is the Corollary 2.1.6).

Lemma 2.2.18. Let Q C R? be a bounded, simply connected and C*' smooth domain. Let § € R2.
Assume € — 0 and n = n(e) — 0 in the regime (2.13). There exists a minimizer of Eg,n over the
set HY(Q,R?).

Proof. We apply the direct method in the calculus of variations. Let § € R2. Since |(5 | is constant
and n = n(e) — 0 as € = 0, we can assume that (,7) € R% x (0, 1) satisfies 4 6% % For
every m = m. € H'(Q,R?), we have

‘2/5~Vm/\mdx
Q

< / Vmf2de + 416 / ~ mf?)?da + 4181719
as in the proof of Lemma 2.2.1. It follows that

1 1
) _ 2, 95. 1 — 2)2 N2 1
EZ, (m) /Q(|Vm| +25-VmAm+ 772< |m|*) )dx—i— 5 6m(m v)“dH

1 1 1
> 7/ <|Vm|2 + sl m2)2> do+— [ (m-v)*dH! — 45|
Q

- 2 2re o0
—461% 19 > —cc.

) < 09|

Moreover, for mg = e; (or another constant vector on S!), we have E5 »(mo) < 35— < +o00. Hence,

there exists a minimizing sequence (my,)neny C H(Q,R?), i.

. ) 2
= > — .
i B () = leg,fRZ)Eew/ Hhriel

It follows that there exists a constant C' = C(e) > 0 (that may depend on &) such that for
every n > 0, Egm(mn) < C(e). In particular, for every n > 0,

1
(Vi |? dz + ~ / (1 — [mn|?)2dz < 2 (Egm(mn) + 4]0 |Q\) < Oe). (2.80)
Q Q
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Moreover, for every n > 0, setting S = {x € Q: |m,(z)[> > 2}, we have

/|mn|2dx:/\mn|2dx+/ |mn|2dx<2/ (1— fmal?)?dz + 212\ 8],
Q s oS s

since for every z € S, |m,(z)> — 1 > % As n — 0, we can assume (up to taking € and 7

smaller than before) that

1 1
/|mn|2dx<—2/ (1—|mn|2)2d$+2|9\5|<—2/ (1— |mal?)?de + 219
Q N Js " Ja

Combining this with (2.80), we deduce that

/\mn|2dI+/\an\2dx<C(5),
Q Q

so that (m,,) is bounded in H*(£2,R?). By the Banach-Alaoglu theorem, there exist a subsequence
(we do not relabel) (m,) C HY(Q,R?) and ms € H'(,R?) such that (m,,) converges weakly
to Mmoo in H(2,R?). By Sobolev compact embedding, up to a further subsequence, (m,,) converges
strongly to me, in LP(Q,R?) for every p € [1,4]. By weak lowersemicontinuity of the Dirichlet
integral, we have

/|Vmoo|2dac<hminf/|an\2dm.
Q n—+oo Jo

As (Vmy,,) converges to Vime, weakly in L?(Q, R?) and (m,,) converges to meq strongly in L2(2, R?),
we have

lim 20 - Vm, AN my, d;lc:/25'Vmoo/\m0O dz,
n—-+4oo Q Q

and as (m,,) converges to mq, strongly in L*(2,R?),

lim (1 = |m,|?)%dz = /(1 — |meo|?)?da.
Q

n—-+o0o Q

Finally, since © is a bounded C''*! smooth domain, the trace operator H'(Q,R?) — H'/2(9Q, R?)
is linear and continuous. By weak convergence of (m,,) to ms in H1(,R?) and using the com-
pact embedding of H'/2(0Q,R?) in L?(0Q,R?), we get the strong convergence of (m,) to Mme
in L2(09,R?), thus

lim (M, - v)2dH = / (Moo - v)2dH?.

n=+o0 Jaq a0
It follows that
Eg,n(moo) < Eg}r{g Eg,n(mn) = legﬁm) E .
and thus
B y(me) =, inf | B,
i.e. Mmoo is a minimizer of B2, in H'(Q,R?). O

The following statement extends [25, Proposition 20] by giving a formula for the renormalized
energy W3 ({(a;j,d;)}) defined at (2.17). In particular, it shows that the limit in (2.17) exists. The
renormalized energy is computed using the solution of a Neumann problem as in [7].
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Proposition 2.2.19. Let Q C R? be a bounded, simply connected, and C1' smooth domain, and k
be the curvature on 9. Let {a;};., ny € (0N be N > 2 distinct points and d; € {—1,+1}

be the corresponding multiplicities, for j € {1,..., N}, that satisfy Zjvzl dj =2. Let § € R?. Then
the limit in (2.17) exists and the renormalized energy of {(a;,d;)} satisfies

Wa({(ay,dj)}) = =2r Y~ djdylogla; — ay|
1<j<k<N
N (2.81)
— | (s+26"v) dH + 7 d;iR(a;),
o0 =
where v is the outer unit normal vector on 9 and v denotes the unique solution (up to an additive
constant) in WH4(Q), for every q € [1,2), of the inhomogeneous Neumann problem

Ay = 0 in €,
{ g—f = —Kk+ 7'('2;»\[:1 djlie,;y  on 0, (2.82)
and R is the harmonic function given by
N
R(z)=v¢(2) + Z d;log|z —a;|, (2.83)
j=1

for every z € Q. Moreover, we have R € C%®(Q) N W*P(Q) for every a € (0,1), p € [1,+00)
and s = s(p) € [1,1+ %)

Proof. By the definition of W& ({(a;,d;)}) in (2.17), we have

Wo{(az,d;)}) = Wi({(aj, d)}) — lim [ 25 Ve, da,

r—0 Qr

where, for r > 0, Q" = Q\ U;yzl B,(aj) and ¢, is the harmonic extension of ¢¢ (defined in
Definition 2.1.2) to Q. First, by [25, Proposition 20], we have

N
Wi({(a;,d;)}) = 27 Z d;dilogla; — ag| — / Y dH + WZde(aj), (2.84)
1<j<k<N 9 j=1

with ¢ € WH1(Q) as in (2.82) and R as in (2.83). Moreover, any solution 1 of (2.82) is clearly a
harmonic conjugate of ¢., hence we have Vi, = —V=+1. In particular, since o, € WH(Q), we
have Vi, € LY(Q). It follows by dominated convergence theorem that

lim 25~Vg0*d1::2/5~Vg0*dx:—2/5~VJ‘1/)d:r
r—0 Jor Q Q
= 72\/ (75182¢ + 5281w) dzx
Q
=2 W (=8ivy + dovy) dH?
o0

=2 [ (6+-v) dH .

G19)
Hence,
lim [ 25-Ve.de=2[ (6 v)dH?, (2.85)
=0 Jqr G19)
and we obtain (2.81) by subtracting (2.85) to (2.84). O
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We now prove Theorem 2.1.5 by using the above Proposition 2.2.19, [25, Theorem 6] and a
lemma of complex analysis.

Proof of Theorem 2.1.5. By Proposition 2.2.19, we have

W ({(aj,d))}) = WS ({(aj,d;)}) —2 ” P(0h - v) aHl, (2.86)
for any bounded, simply connected and C'+! smooth domain  C R?, with boundary curvature k.
(i) We assume that Q = B;. By [25, Theorem 6], we have
Wg, ({(ay,d)}) = =27 > dydglogla; —al, (2.87)
1<j<k<N

and, for every z € By,

N
P(z) ==Y djlogl|z —ajl. (2.88)
j=1
By Green’s formula,
N
Y(w)ot - v(w) dH (w) = / div(y(2)0t) dz = _Zdj/ div(log |z — a;])6*) dz.
6B1 Bl J:1 Bl

For any j € {1,..., N} and z € By,

div(log|z — a;|)0t) = 6+ = —%_ — e <z‘”5l> :me( al)

2 —a” |z — a4l Z-a

with the identification §+ = (75?2) = —Jy + 101, so that

/ div(log |z — a;])6+) dz = Re <5J‘/ L dz> .
B By 745

Using the next Lemma 2.2.20, for every j € {1,..., N}, we get

div(log |z — a;])6*) dz = —7Re (61@;) = —7w6" - a; =70 - ajL
B

so that

N
P(w)dt - v(w) dH (w) = -7 Y " d;d - af (2.89)
0B, j=1

and we deduce (2.22) combining (2.87) and (2.89) in (2.86).
(i) By [25, Theorem 6], we have

Wo{(aj,d;)})

N
=27 Z djdylog |¥(a;) — ¥(ag)| + WZ(dj —1)log |¥'(a )|
1<j<h<N =1

N
1o w) — ¥(a;)| —log ¥ (w Y w
+/mf‘é(w) ;dﬂglw ) — ¥(aj)| —log [¥(w)] | dH (w),
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and, for every w € ),
N
== djlog|¥(w) — ¥(ay)| +log [¥'(w)] .

The expected identity (2.23) is a direct consequence of (2.86) and the above identities.

Lemma 2.2.20. Let By C R? be the unit disk. For any a = (a1, a2) € OBy,

1
/ dz = —ma
Blz—a

where @ = (a1, —as) = a1 — iay stands for the complex conjugate of a.

Proof. Using polar coordinates, we get

/ dz —/ / T dtdr. (2.90)
B zZ—aQa r=0 oTe

dz in two ways. On the one hand, using

For any r € (0,1), we compute the integral f‘

|=r z(z— a)

1 S
[N L
2|=r 2(2 — @) o Trett—a

admits a simple pole at z = 0 inside the contour {|z| = r}, thus by

polar coordinates,

On the other hand, z
the residue theorem,

z(z a)

1 1 24
/ ——— dz=2ir — 2T — _9ira
2|=r 2(2 — @) zZ—al,_, a
since |a|* = a@ = 1. Combining both expressions of f‘ = m dz, we get

27‘!‘ 1
- dt = —2ma,
o rett—a

1 1
/ dz = —2%6/ rdr = —ma.
B, #— @ 0

We now prove Corollary 2.1.6, that gives the existence of a minimizing pair (a},a3) for the
renormalized energy when N =2 and d; = ds = 1.

and inserting this in (2.90),

O

Proof of Corollary 2.1.6. Let ®: B; — Qbe a C' conformal diffeomorphism with inverse ¥ = 1.
Let ® = (092 x 02) \ {(a,a) : a € 9Q}. By Theorem 2.1.5, for every (a1,as) € D,

W ({(a1,1), (a2, 1)}) = —2mlog [¥(ar) — U(az)| + F(a1, az)
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where

F: (ay,a2) €D — BQ(H(U}) + 26+ - v(w))(log | ¥ (w) — ¥(ay)| + log |¥(w) — ¥(az)|

— log | ¥ (w) )dH' (w).

Setting by = ¥(a;) and bs = ¥(as), we get, after changing variables,

F(ai, a2) = /aB (5(D(2)) + 20" - v(®(2)))(log |2 — by + log |z — be|
+1log |®'(2)]) |@'(2)| dH' ().

We deduce that F is bounded in D, since k + 20+ - v € L>(9Q) and the functions z — log |z — b1 |
and z + log |z — by are in L'(0B;). Moreover, the function (a1, as) € D — W ({(a1,1), (as,1)})

is continuous. Let (a§”)7 agn)) C ® be a minimizing sequence for W3 ({(-, 1), (-, 1)}), i.e.

lim WE({(af"™, 1), (a3, 1)}) = imf WS({(- 1), (. 1)}).

n—-+o0o

Note that such a sequence exists because F' is bounded in ©. As 92 is compact, so is ) x 92, and

then we can assume (up to a subsequence) that (agn), aén)) converges to some (af,a3) € 9 x 9.

Since (W3 ({(a{™,1), (a$™,1)})) is bounded, then using the boundedness of F, we deduce that

the sequence (log |\I/(a§n)) - \I/(aén))|) is bounded. By taking the limits as n — +oo, we deduce

that U(af) # ¥(ad), and since ¥ is injective, a # a3, i.e. (af,a3) € . Finally, by continuity
of Wfél({(a 1)3 ('a 1)}) over D, we get

Wo{(ai, 1), (a3,1)}) = inf Wo{(- 1), (LY.

O

We prove Theorem 2.1.7, that gives the configuration of the vortices that minimizes the renor-
malized energy in the unit disk B; in R2.

Proof of Theorem 2.1.7. By Theorem 2.1.5 and Corollary 2.1.6, there exists a pair of distinct
points (aj,a3) € 0By x 0By that minimizes the renormalized energy

W2, ({(a1,1), (a2, 1)}) = =27 log a1 — az| + 276 - (ay” + a3)
defined for (a1,as) € OBy x OB such that a; # as. There exist ¢1,ps € R such that a} = ei¥1

and a} = €'?2. Since we must have a} # a3, we can assume 1 — o ¢ 277 in the sequel. Computing
the renormalized energy above in terms of i, o and § = (d1,02), we deduce that

ngl ({(aia 1), (a;’ 1)}) = 27Tf(<p1, 802)

where
1 1 . .
flo1,02) = ~3 log2 — 3 log(1 — cos(p1 — p2)) — d1(sin 1 + sin pa) + d2(cos 1 + cos p2)

is C*°(R?\ S) where S = {(¢1,92) € R? : ¢1 — @3 € 27Z}. Hence, the problem of minimizing the
renormalized energy turns in minimizing f.
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Step 1 : We compute the critical points of f.
For every (p1,p2) € R2\ S,

___sin(pri—¢a) at-o
Viene) = ey o)
2(T—cos(pr—p2)) 12

It follows that, for (o1, ) € R?\ S,

1sin(¥21—tp2)) = —2%-§
\Y , =0 < —cos(p1—¢2 ’ 2.91
f(er02) e 7o (291)
By the second equation in (2.91):
(aj4+a3) -0 =0 <= d1(cosps + cosps) + d2(sin 1 + sinps) =0
e 2cos L _F2 51COS¢1+W2+5281DL1+@2 =0
2 2 2
= cos L2 5 20 or §-b=0where b= ¢l(#11¢2)/2
Case 1: cos #2572 = (0. Then we have
coswzo < @1 — s =7 mod 27,

thus @} and a} are diametrically opposed (i.e. a5 = —a}). By the first equation in (2.91) and

since § = |§] ¥, we deduce that
aj -6=0 < cos(p1—0)=0 — 4,0129—&—% mod 7.

Hence, a} = e = +ie’? = wzéfj:wcsl-

Case 2: 6 -b =0 where b = e (¥17%2)/2_ Since § = || e, we have

p1+ 2

0:b=0 <= §L1Lb <— 3

:9+g mod T <= @1+ 2 =20+ mod 2,

thus a} and a} are symmetric with respect to 6. By the first equation in (2.91), we have

sin(p — (20 + 7 — 1)) —sin(p; — 0)
9 9 _gy= Sy 7 9)
9] a3 - 1 cos(p1 — (20 + 7 — 1)) 9] cos(ipr = 6) cos(p1 — 0)
PN 26| sin? (1 — @) + sin(py — 0) — 24| _0
cos(p1 — 0) B

20| X2 - X +2|5|=0
= X =sin(p; —0)
cos(¢p1 —0) #0

The solutions of the first equation above are

et \/1+1615)
410 16|5| 4|5|
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but the solution for + = — cannot satisfy X = sin(y; — ) because it is strictly less than —1. As
a consequence, the second equation gives

1 1

sin(p; —0) = 1+ —— — —— ¢ [-1,1],

thus o1 =040y and o =20+ 7 — 1 =0 + 7 — b, Whereﬁozarcsin(,/l—f—ﬁ—ﬁ).

Step 2 : We study the nature of the critical points of f.
For every (p1,92) € R?\ S, the Hessian matrix of f is

5L

1 *
ey At

Hess(f)(¢1,p2) = <2(1C°5(%Wf)2 '
2(1—cos(p1—¢2))? 2(1—cos(p1—¢2)

-1
2(1—cos(p1—¢2))?
e T 5l>

and its determinant is

1
h _ * *Y (Sl * 6l * (SL )
(@17 @2) 2(1 — COS(QOl — s02))2 (al + a’2) + (a’l )(a2 )
— For the case of diametrically opposed points a5 = —a] with a} = i‘%‘él, we have

h(p1,2) = (af - 05) (a3 - 6%) = —(a} - 05)? = — 6] < 0.

Hence, f(p1,¢2) is a saddle point, but neither a minimum, nor a maximum.
— Consider the case of a] and a} symmetric with respect to oL, with ¢ = 046, and o = 0+7—6;
where 6 is given above. Then h(p1, p2) > 0, because
1
2(1 = cos(p1 — ¢2))?

h(p1,2) = (1 + ) (ai ot as - 5L)

with

at - 55 = &1 |5] 02 — |5 cos (901 _9_ g)

1 - 1
= i —0) = 14 — _
6] sin(p1 — 6) = ] (\/ + 25 19 4|5|>>o,

and aj - 0+ = a} -0+ > 0, as a3 and a} are symmetric with respect to §-. Moreover, the first
component of Hess(f)(p1,p2) is positive, hence (p1,p2) = (6 + 09,0 + ™ — 6y) minimizes f. O

To conclude this section, we prove Corollary 2.1.8.

Proof of Corollary 2.1.8. By Lemma 2.2.18, there exists a minimizer m, of Egm on H'(Q,R?). By
Corollary 2.1.6, there exist two points aj # a3 € 92 such that

Wg({(a; 1)7 (a;7 1)}) = min {Wé({(&la 1)7 (&2, 1)}) s a # as € aﬂ} . (292)
By Theorem 2.1.4 applied to {(af, 1), (a3,1)}, the minimizers m. must satisfy
E? (m.) < 27 |loge| + W5 ({(a}, 1), (a3,1)}) + 270 + o(1) ase — 0. (2.93)

By Theorem 2.1.1(%), for a subsequence, (J(mc))e>0 converges as in (2.15) to

N
J = —kH'WLOO + ﬂ-zdjll{aj}

j=1
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for N > 2 distinct boundary points ay, ...,ay € 9Q, with dy, ..., dy € Z\{0} such that Zjvzl d; =2.
By Theorem 2.1.1 (%), we also have
lim inf —— Z|d| (2.94)
im in .
=0 |log 5| >
Combining (2.93) and (2.94), we get Ej 1 ld;| < 2, hence Z 1 (|dj] —dj;) < 0 so that
N N
Dl =2 d;=2.
j=1 j=1
By Theorem 2.1.3(%), we deduce that N =2, d; = ds =1 and
E? (me) > 2m |loge| + Wi ({(a1,1), (a2,1)}) + 270 + o(1) as e — 0. (2.95)

Combining (2.93) and (2.95), and letting £ — 0, we get

W ({(ah ) (a2>1)}) < Wg({(af,l),(az,l)}),

so by definition of W3 ({(af,1), (a3,1)}), we deduce that (aj,az) is also a minimizer in (2.92). It
follows then from (2.93) and (2.95) that

E? (me) = 2r |loge| + Wi ({(a1,1), (a2, 1)}) + 270 + o(1) as e — 0. (2.96)

By Theorem 2.1.3(v), for a subsequence, (m.) converges weakly in W14(Q, R?) for every ¢ € [1,2),

and strongly in LP(Q,R?) for every p € [1,4+00), to e¥¥°, where @y is an extension to Q of a
function ¢y € BV (09, 7Z) that satisfies

Orpo = KH'LON — m(Ly4,y + L{a,}) as measure on I

and €0 -y =0 in 9Q\ {a1,az}. It remains to prove that @y is harmonic in 2. Let » > 0 be small.
Using (2.78), we see that (Vm.) converges weakly to Ve# in L?(Q\ (B,(a1) U B,.(az)), thus

/ |V@o|?dr < liminf |Vm,|?de,
Q\(Br(a1)UB;(az2)) =70 Ja\(B,(a1)uB. (a2))
since |V(ei$°)| = |V@o|. Moreover, using that (m.) converges strongly to ¢i%0 in L2 () and (Vm,)

converges weakly to Ve#° in L2(Q\ (B,(a1) U By(az)), we get

/ -0 - Vo dz = lim 6-Vme AN m, dzx,
O\(B(a1)UB;(a2)) =70 Ja\(B, (a1)UB, (a2))
since V(eiaﬂ) Aeivo = —V@g. From both these observations, we deduce

1
lim inf / (IV@o|> — 25 - V@y) da — 27 log —
=0 \J\(Br(a1)UB, (a2)) r

(2.97)
1

< lim inf lim inf (/ (|Vm5|2 +26-Vm. A mg) dz — 27 log ) .
O\ (Br(a1)UB;(az2)) r

r—0 e—0
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By Holder’s inequality, as (Vm,) converges weakly in L3/2(Q2), we have

26 - Vme Ame dz| < 28] |20 (B, (a1) U By(asz))|*? Vel 320y < Cr?2,

/Qm(Br(m)UBr(az))

for some constant C' > 0 independent of € and r, and thus

20 - Vme Ame dz = 0. (2.98)

lim inf lim inf

r—0 =0 »/Qﬁ(Br(al)uBr(az))

Moreover, by Remark 2.2.17, we have
c. o 0 . T
h£n_>1(1;1f lllsn_}glf <E€’n(m5, QN (Br(a1)U By(ag2))) — 27 log o 2’}/0) > 0. (2.99)
Note that, for every small r > 0,
Ein(mg) — 27 [loge| — 27
r
= Eg,n(ms; QN (By(a1) U By(az))) — 2w log o 270

+/ 20 - Vme Am, dx
QN (Br(a1)UBy(az))

+ Eg,n(m€3 Q\ (Br(a1) U Br(a2))) — 2 log%

> Eg’n(mg; QN (B,(a1) U By(az2))) — 27 logg —2v

+/ 20 - Vme A me dz
QN(Br(a1)UBr(az2))

1
+/ (|Vm8|2—|—2(5-Vm5/\m8) dx — 2mlog —.
O\(B:(a1)UB:(az)) r

By (2.97), (2.98) and (2.99), it follows that

lim inf lim inf (Egn(me) — 2 |loge| — 270)

r—0 e—0

1
> lim inf / (IV@o|> =26 - V@y) da — 27log = |,
r—0 Q\(Br(a1)UB,(ax2)) "
i.e., using (2.96),

Wo({(a1,1), (az,1)})

1
> lim inf / (IV@ol? — 26 - V@) dz — 2mlog = | .
r—=0 Q\(Br(a1)UB(az2)) r

Let ¢, be the harmonic extension of ¢y to . Then Py — . € Wol’q(Q), for every ¢ € [1,2). For
every small r > 0,

(2.100)

20 - (Voo — V) da = / 20 - V(9o — @) dz

/Q\(Br(al)UBr(m)) @

_2/ 25V(¢7\0—@*) dz,
QN(Br(a1)UBr(az))
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with

/25'V(@0—<P*)d$=/ 2o — p.)5 v da =0,
Q oN

by Green’s formula and using that o = ¢. on 99, and

2 f 26 V(3o — p.) du
QN (B (a1)UB,.(az2))

for some constant C' > 0 independent of ¢ and r, by Hoélder’s inequality, since @y and ¢, are

in WOI’S/Q(Q). Hence,

<O ||V (B0 — 0) | sray < O3,

lim inf/ 20 - (Vg — V,) dx = 0.
"0 Ja\(Br(a1)UB; (a2)
Combining this observation with the definition of W& ({(a1,1), (az,1)}), we deduce that

Wo({(a1,1), (a2, 1)})

> liminf

r—=0 /fz\<Br<a1>uBr(a2>>

1
+ lim inf / ([Vps? =26 - Vo,) dz — 2mlog =
r—0 Q\(B,(a1)UB,(az)) r

= lim inf (|V@0|2 - |V<P*|2) dx
=0 Jo\(B,(a1)UB,(a2))

+ Wg({(ah 1)7 (ag, 1)})7

(IV@ol* = [Veuf?) da

i.e.
X = hminf/ (IV@ol? — |Vpsl?) dz < 0. (2.101)
"0 JON(B,(a1)UB, (a2))
From the Claim 2.2.21 below, we deduce that gy = @, thus @g is harmonic in Q. O

Claim 2.2.21. With the notations in the previous proof, if ¢, is the harmonic extension of ¢q to €2,
then @y = .

Proof of Claim 2.2.21. We have
[V@ol® = [Vepul? = [V(@o — ¢:)|* + 2V, - V(B0 — 0u).

Since @, behaves (up to a conformal map as in [24, Lemma 4.3]) as the sum of an angular function
around a; and ay and a harmonic function h € WHP(Q) for every p € [1,+00) (as in the proof of
Theorem 2.2.16), then using integration by parts, for every r > 0 small enough,

Ve, - V(@ — o) do = / Do (Bo — o) dH!

/Q\(Br(m)UBr(az)) A(Q\(Br(a1)UBr(az2)))

({%h(@o - SO*) dHl

Il
S—

QNO(By(a1)UBy(a2))

Il
S—

0, 1(@o — ) dM!
A(QN(By(a1)UBy(az)))

Vh- V(G0 — .) dz.

Il
S~

QN(Br(a1)UBy(az))
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By Holder’s inequality, we deduce that

V. V(o — px) do

~/Q\(B,~(a1)UBr(‘12))

SIVA s n(B, (an)UB. (a2)) 1V (@0 = @)l L3720 (B, (a1)UB, (a2)))
<Cr ||VhHL3(Q) V(@0 — SO*)HLSM(Q) )

for some constant C' > 0 independent of £ and r, since h € W13(Q) and @y, . € WS’/Q(Q). As a
consequence,

lim V. V(2o — ¢s) dz =0,
"0 JON(B,(a1)UB, (a2))
and

0 > x = liminf V(%0 — ¢x)*da.

0 /ﬂ\(BAal)uBr(az))
We deduce that x = 0 and $y = @, + ¢ for some constant ¢ € R, but gy = ¢, on 9, hence ¢ =0
and Qg = . is harmonic in Q. O

2.3 Three-dimensional model for maps m;: Q, C R? — §?

2.3.1 Reduction from the three-dimensional model to a reduced two-
dimensional model

We begin with stating a lemma that enables us to get rid of the Dzyaloshinskii-Moriya interaction
term. More precisely, under the assumption that &,(my,) is uniformly bounded, then it is also the
case for £p(my,). This latter energy has been studied by Ignat and Kurzke [25], hence this lemma
allows us to use the statements they obtained on & (my,).

Lemma 2.3.1. Let Q;, = Q x (0,h) with Q C R? a bounded, simply connected and C** smooth
domain. Assume that 7]—12|D| = On(1) and consider a family of magnetizations {my: Qn — S?}
that satisfies

lim sup &, (mp) < +o0.
h—0

Then, we have limsup &) (my,) < +oc.
h—0

Proof. Assume that there exists a constant C' > 0 such that sup &,(mp) < C. Then, for h > 0
h>0
sufficiently small,

0 1
log el |En(mn) — £ (ma)| = T
< 1
=2 Jg
1

= — ﬁthdac
i, 1P

~ 2
1 . (ID
— LARE
o Jo, |1V <n2> )

~ 2
1 Q| (1D
= §5g(mh) + ‘7 (')

/ E:th/\mh dx
Qp

|D| |V [mp] da
h

N

7’2
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using |my| = 1 and Young’s inequality. Dividing by |loge|, we deduce that, for h > 0 sufficiently
small,

~ 2

1 ¢ (|D]
_ g0 < SE7 oge| \ 72
[E(mn) = Enmi)] < 5E(mn) + o (’72)

where C’ > 0 depends only on Q. Hence, for h > 0 sufficiently small,

N 2

¢ (1D
0 < <"
& (mp) <2 | En(mp) + Togz| < e ) <C”,

because &, (my) < C, % =0(1) and e =e(h) - 0as h — 0. O

Lemma 2.3.2. Let Qj, = Q x (0,h) with Q C R? a bounded, simply connected and C' smooth
domain. In the regime (2.6), consider a family of magnetizations {my,: Qn — S*} that satisfies

lim sup &, (mp,) < +o0.

h—0
Then, we have
1 1 = 1 1 ~/ y— i /
T D :Vmp Amy dv = ——— [ D": V'm, Amy, dz’ + O(Ra(h)) as h — 0,
log e[ hn? Jq, log el n* Jo
(2.102)
where N R R
Di|+|D D
RQ(h):h‘ 1 2' 2l | j‘. (2.103)
n n
Proof. Let h > 0 be small. By observing that
D: Vmy, Amy, =D V'my, /\thrﬁ' :V'mp A (my, — W) +ﬁ3 - Osmp Amp,
we use the decomposition
B:th/\mh de=1+ 1+ I3 (2104)
Qp,
with
~ 2 ~
Li= | D :V'myAm,de=Y_ [ Dj 0ymy A7, da,
Qp j=1"7%n
~ 2 A~
12:/ D" :N'my A (my, —my,) dx:Z Dj - 9;myp, A (my, —my,) dz,
Qp, j=17%n
and
I3 = ﬁg - Ogmp A my, dz.
Qpn
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For calculating I;, we use Fubini’s theorem and the fact that j € {1,2}, to get

2 2 h
Il = Z D] . ajmh Ny, dx = Z (D] . ajmh($/7.’173) /\mh(af/)) d.'lfgdl'/
j=17%n j=17/9270

2 h
:Z/ Dj - / oymyp (', ws)das | Ay (2)da’
/e 0
2 R 1 h
— hZ/ D; - 0; (h/ mh(x’,xg)dxg,) Ay (2")da!
oe 0
2 ~
= hZ/ D; - 0;my, ATy, da,
j=178

i.e.
I = h/ D' : V', Ay, o (2.105)
Q

Besides, by Cauchy-Schwarz inequality,

ﬁj . 8jmh AN (mh — mh)‘ dz

2 1/2 1/2
<Z|Dj|(/Q |8jmh|2dx> (/Q |mh—mh2dx) .
1 h h

Using Poincaré-Wirtinger inequality for mp, = (mp 1, mp 2, mp,3), we have

3
/ |mh — mh‘Q dz = Z/ |mh,k — mh}k|2 dx
o Qn

_Z/ (/ |mp (2, 3) — mh,k(x/)|2d1'3> dz’
ChQZ// |05, g (2! 333)| dzsda’

:ChQ/ |83 |? da
Qp

for some constant C' > 0 independent of h. We deduce that

2 1/2 1/2 2
|12|<0h2|pj|(/ |8jmh|2dx> (/ |83mh2dx) gChZ|Dj|/ IV |? dz,
=1 Qn Qp j=1 Qn

thus
| < C2 (1D1| + |2 ) [log 2] &4 (mn) (2.106)

with C > 0 independent of h. Finally, since |mj| = 1 and using Cauchy-Schwarz inequality, we
have

| L] g/ |Ds - O3my, A my|dz < |f)3\/ |93my| dz < 0|133|\/H</
Qh, Qh,

Qp,

1/2
|5‘3mh2dx) ,
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but [, |8gmy,|* dz < Ja, |Vmp|? dz < h|loge| £ (my), thus

|I3| < C|Ds|hy/|loge| £9(mp). (2.107)

Dividing by [log | hn?, the three above estimates (2.105), (2.106) and (2.107) combined with (2.104)
lead to

1 1 ~ 1 1 ~
— D:th/\mhdx>7—/D’:V’mh/\mhdx’
n log el n?
| D1 + | Dy |Ds| €2 (mn)
2

—Ch .
llog el

52(mh) -C

Since hm Sup En(my) < +oo, it follows by Lemma 2.3.1 that £ (my,) < C for h > 0 sufficiently
small. Hence we deduce (2.102) as h — 0. O

Remark 2.3.3. In the sequel, we consider the quantity

2
h log -
Ri(h)=— |1+ —L|. 2.108
1) 772< |loge|> (2109
Using the relation € = h|+;h\’ we deduce
Ri(h) = 1 . log(e|loghl) 1 log|loghl
YT e log i [log e ~ clloge| |logh]

As a consequence, in the regime (2.7), and also in the regime (2.6), we have Ry(h) = o(1). Fur-

thermore, in the regime (2.7), we have Ri(h) = o (m)

The following lemma is a new version of [25, Lemma 15] for £, (my,), that takes into account
the Dzyaloshinskii-Moriya interaction.

Lemma 2.3.4. Let Qj, = Q x (0,h) with Q C R? a bounded, simply connected and C' smooth
domain. In the regime (2.6), consider a family of magnetizations {my,: Qn — S*} that satisfies

lim sup &, (mp,) < +o0.

h—0
Then, we have B B
é’h(mh) > é’h(mh) — (5h(mh) + 1) O(R(h)) ash —0, (2.109)
where ) R R R
h log - |Di1| + [D2| | |Ds|
h) = Ry(h h)=— |1 h h . 2.11
R(h) = Ry(h) + Ra(h) = 5 < + log€|> + T (2.110)

Moreover, there exists a constant C' > 0 such that, for h > 0 sufficiently small,

g\ () < En(mn) + C. (2.111)

Proof. We divide the proof in two steps. Firstly, in the spirit of [25, Lemma 15|, we show that

En(mp) > En(in) — (Ei(mh) + 1) O(R(R)) ash — 0. (2.112)
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Secondly, in order to prove the next Theorem 2.1.10, we need to have £, (7)) instead of Ez ()
in the parentheses of the above inequality. To do so, we show that for small A > 0, (2.111) holds.
Finally, combining (2.111) and (2.112), we deduce the expected estimate (2.109).

Step 1: Let us prove (2.112).

For every h > 0,

1 1 ~
Enlmy) = EX(my) + oz ] }772 A D : Vmy Amy, dz.
h
By Lemma 2.3.2, for small A > 0,
1 ~
Enlmy) = EX(my) + ——2/ D' : V'my, Amy, dz' — CRa(h) (2.113)
lloge| n* Jo

for some constant C' > 0. In [25, Lemma 15], Ignat and Kurzke proved that

En(my)

[log ¢]

E%(my) = &0 (7n) — (52(mh) n ) O(Ry(h)) as h — 0.

Since lim sup &, (my) < 400, it follows by Lemma 2.3.1 that £)(my) < C for h > 0 sufficiently
h—0
small. Hence, the above inequality becomes

£ (my) = &y () — (Ei(mh) + 1) O(R.(h)) as h — 0. (2.114)

Combining (2.113) and (2.114), by definition of &, (M) and by positivity of Eg(mh), Ry (h)
and Ra(h), we get (2.112).

Step 2: Let us prove (2.111).

For every h > 0,

—=0 —= 1 1 ~
Eh(mh) = Eh(mh) — @?/QD/ : V’mh Amp da’.

Using Fubini’s theorem as for I in the proof of Lemma 2.3.4, we see that, for every h > 0,
ﬁl : V’mh ANy, dx

1 ~
—Q/D’:V’mh Ay, da’
" Ja

hn? Qn
Using |mp| < 1 and Young’s inequality, we then get, for every h > 0,

1/ N / —
< — D' |V'my| |my| da
i, 1019l

~ 2
1 ) D'|
< - ' d
¢ h/QhIth x+<772

0 D]
< Cllogel & (my) + C e

1 ~
7/ D V/mh Ny, dz’
nJa

for some constant C > 0. It follows that

~ 2
— — C D’
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Once again by Lemma 2.3.1, £)(my,) < C for h > 0 sufficiently small. Moreover, ‘fy’;‘ = 0O(1) in
the regime (2.6). As a consequence, for h > 0 sufficiently small,

0 —

En(mn) < Ep(mp) + C + —— = Ep(my) + C

flog ¢]
which is (2.111). O
We are now in position to prove Theorem 2.1.10, that links the general three-dimensional &, (my,)

to £,(myp). This is the first step in the dimension reduction from three-dimensional quantities to
two-dimensional quantities, as mj, takes values in Q C R2.

Proof of Theorem 2.1.10. Assume that there exists a constant C' > 0 such that sup &,(my) < C.
h>0
Applying Lemma 2.3.4, we deduce that, for h > 0 sufficiently small,

C> 5h(mh) > ?h(mh) - (?h(mh) + 1) R(h)

for some constant C’ > 0. By Remark 2.3.3 and by (2.103), we see that R(h) = o(1) in the
regime (2.6), so that we necessarily have

limsup &, (my,) < C”,
h—0

for some constant C” > 0. Hence,
En(mp) = Ep(my) — C'(C" + 1)R(h) = En(mp) —o(1) as h — 0,
as expected. Moreover, in the regime (2.8), we have R(h) = o (m), so that

Eh(mh) > Eh(mh) - C/(C// + 1)R(h) = Eh(mh) —0 < 1

_— as h — 0,
[log |

with the same reasoning as above. Finally, if m; is independent of x3, we see by Remark 2.1.9
that the terms of exchange energy and DMI energy in &, (my,), and &y, (My,) respectively, are equal.
By [25, Lemmas 15 and 16], the remaining term in |y (my,) — E,(My)| is estimated, for A > 0
sufficiently small, as:

1 2 1 2 1 _ 2 1
Toge] hTIQ/R:%'vu}L' dx—?/g(l—\m% )dx’—% 3Q(m’h-ul) dH

-0, Eo(mh)
< C (gh(mh) + I}ILOgE| > Rl(h)7

where uj: R? — R denotes the stray field potential associated to my and v/ is the outer unit
normal vector on 9. By Lemma 2.3.1, for h > 0 sufficiently small, £)(m;) < C. As

lim sup &, (M) < C”

h—0

in the regime (2.6) (and thus also in the regime (2.8)), then by (2.111) in Lemma 2.3.4, we
get Ez (myp,) < C for h > 0 sufficiently small. We deduce that, for h > 0 sufficiently small,

1 . 2
de — — /_7 i d 1
h77 / |Vuh| x / 5 3Q<mh V') dH

C
< _ < .
<C <O+ |10g€> Rl(h) < CRl(h)

\logsl
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As a consequence, &, (my) = En(my) — O(R1(h)) as h — 0, and both expected estimates follow
from the behaviour of Ry(h) in regimes (2.6) and (2.8) respectively (see Remark 2.3.3). O

The following proposition reduces the Dzyaloshinskii-Moriya interaction density D e R3*3 to
the two-dimensional vector 6 € R?, and cancels the third component of the averaged magnetization.

Proposition 2.3.5. Let Q5 = Qx (0, h) with Q C R? a bounded, simply connected and C**' smooth
domain. In the regime (2.6), consider a family of magnetizations {my,: Q; — S?} that satisfies

lim sup &, (mp,) < +o0.
h—0

Then, we have
= 1
5h(mh) = mEin(m/h) — 0(1) as h — 0.

Moreover, in the more restrictive regime (2.8), we have

En(my) > ! E’ (m))—o ! as h =0
PR Z Qloge] e h llog €| ’

Furthermore, if my, = (m},,0), then in the regime (2.6), we have

= 1

En(my) = Efm(m’h) —o(1) ash—0,

[log <]

and in the regime (2.8), we have

_ 1 _ 1
gh(mh) = @Eg’n(m%) — 0 (|10g5> as h — 0.

Proof. Let a small h > 0 be fixed for a moment. Note that the boundary penalty terms in & (my,),

and |logE|E6 (T},) respectively, are equal. We then get
llog ¢ En(7in) — E2,, (7)) = /Q (19 |9 ) da
+/ ( Lp D' : V'my, Ay, — 26 - V'), /\mﬁl) dx (2.115)
+—/ (1—|my,|*) = (1= [my,|*)?) da.
Note that |V/m, > —|V/m, | = V', 5]% and that, since [7,| < 1, we have (1—|m, )% < 1—[m, |.

We deduce that
loge| () ~ B2, (i) > [ Vol do
Q
1 ~
+ /Q <772D’ : V'my, Ay, — 26 - V'my, /\m%) dzx.

The next step consists in absorblng the DMI terms containing D11, D12, D21 and Dgg inside the

positive Dirichlet term fQ |V, 3| dx. The scalar component of the DMI containing D11 is

Du [, . .

?/ (M 301Mp 2 — Mp201mp 3) da’ = ——
Q

Dy

( / mp, galmh 3 da’ + mh’gmh’g,ui dH1> .
n? féle}
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By Young’s inequality and using |mp| < 1, we deduce that

Dll

D
o <! ;” (/ v'mh,ﬁdm'+|ﬂ|+asz>.
Q

Ui

__ __ _ _ ’
/ (TTen,301Mn,2 — Mk 201 3) do
Q

Similar inequalities happen for the DMI terms invo/l\ving 131%, 1321 and 1322, i.e. the terms involv-

ing m,3. We also observe for the terms involving Dq3 and Da3 that
D D
#/ (mhyzalmhl — mh7181mh72) dz’ = %/ 81m§1 /\m/h dx',
n Q n Q

with the analogous relation for 1323. ‘We deduce that

_ D D D D
log e| Ex(mn) — EL, (M, > (1 _ Pl + D t' 21| T 22) / |V, 3" da’
Q

n
_ |lA)11| + |E12| + |ﬁ21| + |1A)22|
2

D

T (f’ - 261> / oy, A, da’
n Q
D

+ (? - 2§2> / Dy, AT, da’.
n Q

ID“H‘D“IntlD”HID”l = 0(1), hence for h > 0 sufficiently small, we

_ |D11| + | Dia| + | Dor| + | Do < 1
n? -

(192 + 0€)

In the regime (2.6), we have
can assume that

1

)

[\)

thus, as h — 0,

llog e| En(mn) — E2., (7)) > %/ﬂ IV Tin 5 da’ — o(1)
+ (f);s - 251) oymy, Amy, dx’
n Q
+ (?;3 - 252) /952m2 Ay, da’.
For j € {1,2}, using |m},| < 1 and Cauchy-Schwarz inequality, we have

1/2 B 12
/ajmmmg da’ </ 0,7} da’ < C (/ |8J~mh|2dm'> < ¢ (llog | &), 1)
Q Q Q

where C' > 0 depends only on 2. We deduce that, as h — 0,

- - 12 (D D
floge| 5 (7mn) — B2, (1) > ~C (|loge| €5, (n) ) (77123 20+ 53 - 252> —o(1),

i.e.




In the regime (2.6), we have % — 201 + % — 205 = o(1). Moreover, since lim sup &, (my,) < 400,
h—0
it follows by (2.109) in Lemma 2.3.4 that, for h > 0 sufficiently small,

C > gh(mh) = fh(mh) - C (Eh(mh) + 1) R(h)

By Remark 2.3.3 and by (2.103), we see that R(h) = o(1) in the regime (2.6) (and also in the
regime (2.8)), so that we necessarily have

lim Supgh(mh) <C.
h—0

Hence, using (2.111) in Lemma 2.3.4, we get Eg(mh) < C. It follows that

= 1 . 1 1
gh(mh) - @Egm(m/h) = —0 <|10g6|1/2> — 0 (|10g€> = —0(1) as h — 0.

~

Moreover, in the regime (2.8), we have % — 26 + % — 25, =0 ( ) Hence, we get

_1
[log €|

— 1 1 1 1
6 — _ E(S —/ 27 — — = — —_— h 0
W) = g ] Fen () O<1ogg|3/2> (ogar) == (jgzr) 1

Finally, if mj, = (m},,0), i.e. my 3 = 0, then |V’m;h3| = 0, the DMI terms involving ﬁll, 1312, Doy
and D,y are zero, and [m),| = 1. Hence, (2.115) reduces to

_ D D
loge| En(mn) — E2, (}) = (77123 - 251> / oymy, Amy, dx’ + (77223 — 262> / Oomy, Amy, da’.
Q Q

The above estimates of the right-hand side of this inequality remain true in regimes (2.6) and (2.8)
respectively, hence we obtain the expected asymptotic equalities. O

Proof of Corollary 2.1.11. These estimates are a direct consequence of Theorem 2.1.10 and Propo-
sition 2.3.5. O

2.3.2 Gamma-convergence of the three-dimensional energy

In this section, we prove the Gamma-convergence for &,(my,), i.e. Theorems 2.1.12; 2.1.13, 2.1.14
and Corollary 2.1.15.

Remark 2.3.6. Recall that the regime (2.6) is equivalent with h < n? < h|logh| < 1 by using the

definition of €, hence [logh| ~ [logn|. It follows from (2.6) that 1 < |logn| and from (2.7)
that |loge| < 1, thus [loge|] < L < |logn|. Hence, regime (2.6) (and also (2.8)) implies

g’ €

regime (2.13).

Proof of Theorem 2.1.12. Let {mh: Qp — 82} be a family of magnetizations such that, for some
constant C' > 0, sup &, (my) < C. In the regime (2.6), we have by Corollary 2.1.11,
h—0

lim sup —— E?
e[ e

) < limsup E,(my) < C.
nsup B () < limsup €, (m)

h—0
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Moreover, in the regime (2.8), |loge| < |logn| (see Remark 2.3.6), hence we can apply Theo-
rem 2.1.1 to m. = 7j,. By Theorem 2.1.1 (3), for a subsequence, (7 (77},)) converges to a measure .J
on the closure €2, in the sense that

h=0\ |v/¢i<ilin Q

lim ( sup  [(J(my,) —J,C>|> =0.

Besides, J is supported on 952 and has the form

N
J=—kH'OQ+ 7Y dil,
j=1
for N > 1 distinct boundary vortices a; € 0N carrying the multiplicities d; € Z \ {0},
for j € {1,..., N}, such that Zjvzl d; = 2. Moreover, for a subsequence, (Tm),|sn) converges
to e € BV (99Q,S') in LP(09), for every p € [1,+00), where ¢y € BV (98, 7Z) is a lifting of the
tangent field =7 on 9 determined (up to a constant in 7Z) by

N
Orpo = KH'LOO — 7 d;1g,.v as measure on 0f).
jH{a;}

j=1

Since mj 53 < 1 — im},|* and (m),) converges to €0 in L2(Q,R?) with || = 1, we deduce
that (myp,3) converges to zero in L2(92) and almost everywhere on 99 (up to a subsequence).
As |mp, 3] < 1, by dominated convergence theorem, we get that (7, 3) converges to zero in LP(92)
for every p € [1,4+o0), and we deduce that (mp|sq) converges to (e¥°,0) in LP(0) for
every p € [1,+00). For proving (i), we apply Theorem 2.1.1 (i) and Corollary 2.1.11 to get

N

1 S _

1< T < Tlim .

ﬂz:l |d;j| < hinﬁl(r)lf 7|loge|E5”7(mh) < llgnigfgh(mh)
j=

O

Proof of Theorem 2.1.13. Let {mh: Qp — Sz} be a family of magnetizations such that, for some
constant C' > 0, sup &,(my) < C. By (2.29) and Corollary 2.1.11 in the regime (2.8), we have
h—0

N N
C = limsup [loge| | En(mp) — 71'2 |d;| | > limsup Eﬁn(mg) — 7 |loge| Z |d;]
h—0 J=1 h—0 ’ j=1

Moreover, in the regime (2.8), |loge| < |logn| (see Remark 2.3.6), hence we can apply The-
orem 2.1.3 to m, = mj,. By Theorem 2.1.3 (i) and Corollary 2.1.11 in the regime (2.8), we
have d; € {—1,+1} for every j € {1,..., N}, so that Zjvzl |d;| = N, and

Wi {(az:d)}) + Nvo < liminf (E?

2, (my,) — N |logel) < liznﬁiélf [loge| (En(mp) — N).

Let us prove (7). Let h > 0 be fixed for a moment. Using Lemma 2.3.2, we have

1 ~
[log e ‘Sh(mh) — Sg(mh)| = ‘hnz/g D :Vmp Amy, dz

< + C'|loge| Ra(h)

1 ~
72\/ D V’mh Ay, dz’
n=Ja

113



for some constant C' > 0. We can decompose the quantity 1 fQ DV mp ATy, da’ ’ in six scalar

components involving Dll, D127 D13, D21, D22 and D23 respectlvely Using integration by parts
in order to eliminate the derivatives of 77, 3 and since |7, | < 1, we deduce that

/ D/
<DV 1y [romiar) =2 (1 i)

for some constant C' > 0 depending only on Q. By Theorem 2.1.3 (v), (Tn},) converges weakly
in L'(Q,R?), thus

1 N
7/ D' V'my, Ay, do’| <
Q

24
= 2

Ui

1 [ ~
?/ D' :N'my, ANmy, da’
n Ja

and ~
|D'|
n

log el [Ex(mn) — & (mu)| < C— + C|loge| Ra(h).

In the regime (2.8), ‘ =0(1) and Rs(h) = (‘logs‘) thus

loge| |En(mn) — ER(ma)| = O(1) as h — 0.

It follows that

limsup (Ep (mp) — Nw) < limsup (€,(mp) — N7) + C < C,
h—0 h—0

for constants C' > 0, hence we can apply [25, Theorem 9 (iv)] and we obtain the expected com-
pactness of (my,) and (J(m},)). O
Proof of Theorem 2.1.14. Let {a;},c; Ny € (0)N be N > 1 distinct points and d; € Z \ {0}
be the corresponding multiplicities, for j € {1,..., N}, that satisfy Zjvzl d; = 2. In the regime (2.6),
we have [loge| < [logn| (see Remark 2.3.6), hence we can apply Theorem 2.1.4. Let {m.: Q — S'}
be chosen as in Theorem 2.1.4. Set

Qh — Stx {0}

mp:
(2',23) — (me(2),0).

For every h > 0, my is clearly independent of x3, thus mj; = mj,. By Theorem 2.1.4 applied
to m. =my,, it follows that (J (m (-, 23))) = (J(m},)) = (T (M3},)) = (T (m.)) converges to

N
J=—kH' 00+ dila,

=1
in the sense that

}llim ( sup |<L7(mﬁl)—<]’§>|> =
=0 \|v/¢I<1in Q

By Corollary 2.1.11 in the regime (2.6),

1
gh(mh) = |10g€‘ gn(mE) - O(l)ﬂ
so that by Theorem 2.1.4,
1
hm gh(mh) = 2%0 @ WZ ‘d |
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Furthermore, if d; € {—1,+1} for every j € {1,..., N} and the regime (2.8) holds, then by Corol-
lary 2.1.11 in the regime (2.8),

1 1
1 & — Nm) = ——E% (m.)— Nt —o| —
fogel (€ (ma) ~ N) = logel (o2, me) = N~ (1))
= Eg’n(ms) — N |loge| — o(1).
Taking the limits when h — 0 and using Theorem 2.1.4, we deduce that

lim [log ¢ (€n(mn) — Nm) = lim (EZ,,(m.) — N [logel) = W3 ({(a;, d5)}) + Noo.

Proof of Corollary 2.1.15. By Corollary 2.1.6, there exist two points a} # a3 € 0 such that
Wo({(ai, 1), (a3,1)}) = min {W3({(@1, 1), (@2, 1)}) : a1 # a» € 99} .

Let (my,) be a family of minimizers of £, on H' (2, R?) (such a family exists in the regime (2.6),
by the direct method in the calculus of variations, similarly to the 2D case in Lemma 2.2.18). By
Theorem 2.1.14 applied to {(af,1), (a3, 1)}, the minimizers my, must satisfy

lim inf &, (my,) < 27. (2.116)
h—0

Hence, we can apply Theorem 2.1.12 (i) and we deduce that, for a subsequence, (J(m},)) converges
as in (2.27) to

N
J = —rkHILOO + Z djﬂ{aj}

Jj=1

for N > 1 distinct boundary points ay, ...,ay € 9Q, with dy, ...,dn € Z\{0} such that Z;\;l d; = 2.
Moreover, by Theorem 2.1.12 (%), we also have

N
im i = il - .
llinjgfgh(mh) > szzl |d;] (2.117)
Combining (2.116) and (2.117), we get Z;\Ll |d;| < 2= Z;\le d;, hence Zévzlﬂdj\ —d;) <050
that for every j € {1,..., N}, |d;| = d;. It follows that
lim Sh(mh) = 27T,
h—0

and two cases can occur: either N =1 and dy =2, or N = 2 and d; = d3 = 1. Hence, there are
two boundary points a1, as € 02 such that

J=—rH'LO0+ 7T(]l{a1} + ]l{az}).
We now assume that the regime (2.8) holds. By Theorem 2.1.14, we necessarily have
lloge| (En(mp) — 27) < W3({(a}, 1), (a5, 1)}) + 270 + o(1) as h — 0. (2.118)

Hence, we can apply Theorem 2.1.13 (%) and we deduce that dy = dy =1, N = 2 (thus a; # a2)
and

lloge| (En(mp) — 2m) = W3({(a1,1), (a2, 1)}) + 270 + o(1) as h — 0. (2.119)

115



Combining (2.118) and (2.119), we deduce that

Wi ({(ar,1), (a2, 1)}) < Wh({(ai, 1), (a3, 1)})-
By definition of W& ({(a}, 1), (a3,1)}), we have
Wi ({(a1, 1), (a2, 1)}) = W ({(af, 1), (a3, 1)}),

and thus
lim [log e| (€ (mn) — 27) = Wi ({(ar,1), (a2, 1)}) + 270
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